
MODELING THE N-QUEENS PROBLEM USING MATHEMATICAL 
SOFTWARE 

Elisabete Alberdi Celaya1, Judit Muñoz Matute2  
1 Department of Applied Mathematics, University College of Technical Mining and Civil 

Engineering, Bilbao School of Engineering (UPV/EHU) (SPAIN) 
2 Department of Applied Mathematics, Statistics, and Operational Research, Faculty of 

Science and Technology (UPV/EHU) (SPAIN) 

Abstract 
This work places in the subject of Modeling taught in the fourth course of the degree of “Civil 
Engineering” in the University School of Technical Engineering of Mines and of Public Works in the 
University of the Basque Country (UPV/EHU). In this subject students learn how to model a problem 
mathematically and how to solve it by means of mathematical programming. At the end of this subject 
students are required to develop a project in which they have to use different strategies and skills 
learnt during the subject. In this work, the problem of the n-queens is tackled, which can be developed 
as a project, as it can be modeled mathematically and solved computationally using different 
strategies known in the subject. We define the problem, we solve it using different algorithms and we 
present a comparison of the algorithms. Students having to develop this type of project can use this 
work as an example of what is expected from them as a final project. 
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1 INTRODUCTION 
This work places in the subject of Modeling taught in the fourth course of the degree of “Civil 
Engineering” in the University School of Technical Engineering of Mines and of Public Works in the 
University of the Basque Country (UPV/EHU). It is an optional subject with 4.5 ECTS (European Credit 
Transfer System) taught in the second semester. In this subject mathematical models are developed 
with the aim of simulating and finding optimal conditions when designing problems. 

The topics worked in the subject are the following: 

• Mathematical modeling and Simulation: To know the basis of the mathematical modeling and 
simulation. 

• Introduction to the Mathematical Optimization: Fundamental principles. Strategies for the 
formulation and solution of an optimization problem. 

• Methods of Mathematical Programming: Development of different programming methods. 

• Applications to the optimization of structures in civil engineering: To develop applications of the 
optimal design in diverse structural typologies. 

• Using different mathematical software to solve problems. 

The assessment to evaluate the student learning which is followed in this subject is summative. These 
are high-stakes assessments that occur at the end of an unit and measure the extent to which 
students have achieved the desired learning outcomes. They include: 

• Exams: They consist in tests at the end of the course units and a final exam. 

• Projects and presentations: During the course students have to develop a project in which the 
mathematical modeling of a problem is developed and solved using mathematical software. At 
the end, an oral presentation is done in class. This practice gives students the opportunity to go 
in depth with the knowledge they have acquired in the different units of the course. 

In this work the problem of the n-queens is tackled. This is a problem which can be developed as a 
project of the subject, because it can be modeled mathematically and solved computationally using 
different strategies known in the subject. 
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2 DEFINITION OF THE PROBLEM AND BACKGROUND 
The n-queens problem consists of placing n non-attacking queens on an nxn board. It is a 
generalization of the problem of putting n=8 non-attacking queens on a chessboard, which was first 
proposed in [1]. Since then, the n-queens problem has been studied by many authors. It was in 1850 
the first time in which the 8-queens problem was solved, finding the 92 solutions of the problem [2]. In 
[3] the author proves that indeed, the number of solutions to the 8-queens problem was 92. Another 
author who analyzed this problem was Gauss. Some authors cited him as the first one having solved 
the problem, but he could only find 72 of the 92 solutions. Later, in [3] and [4] the first proofs that n 
non-attacking queens can be placed in a nxn board are given. 

It is well-known that the general n-queens problem is a NP-hard optimization problem, i.e., the search 
for exact solutions as n grows becomes intractable. For this reason, numerous algorithms have been 
designed in recent times to address the problem, such as heuristic algorithms [5], neural networks [6], 
evolution algorithms [7] or genetic algorithms [8]. 

3 MATHEMATICAL FORMULATION OF THE PROBLEM 
In the n-queens problem n queens have to be placed on an nxn board (square grid), in the way in 
which no queen attacks the rest. It has to be taken into account that a queen can travel horizontally, 
vertically or diagonally. This implies that the necessary and sufficient conditions for the solution of this 
problem are the following: 

• There is exactly one queen placed in each row. 

• There is exactly one queen placed in each column. 

• There is at most one queen placed on each diagonal. 

A square nxn Boolean matrix Q=(qij) represents the solution of the n-queens problem if the following 
conditions are fulfilled: 
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In this definition qij=1 represents a queen placed on the square (i,j) of the board, that is, in the i-th row 
and the j-th column (if there is no queen on this square, then qij=0). The condition (1) means that there 
are exactly n queens placed on the board (the addition of queens on the squares of the board is n). 
The condition (2) means that any two queens placed on the squares (i,j) and (k,l) belong to different 
rows (i≠k), different columns (j≠l) and different diagonals (i-j≠k-l and i+j≠k+l). The problem can also be 
solved using n variables pi, one per queen. In this case, instead of having a matrix, we will have an 
array where pi means the position within the rows for each of the queens. 

Different equivalent formulations are used for this problem. In [6] the problem is formulated as a 
constrained combinatorial optimization problem and as a combinatorial optimization problem, which is 
a common practice in neural network applications. In [9] two formulations are shown: one formulation 
in which the problem is formulated as a single objective model, and another using a multi-objective 
model (the latter can be converted to a single objective optimization problem). 

4 SOLUTIONS 
It is possible to obtain exact solutions of the n-queens problem for all n>=4 by the following formula 
[10, 11]: 

• If n is an even number and n≠8,14,20,26,32,… then an exact solution of the n-queens problem 
is:  

 (i,2i) and (i+n/2,2i-1), where i=1,…,n/2.  (3) 
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• If n is an even number and n≠6,12,18,24,30,36,… then an exact solution of the n-queens 
problem is: 

 (i,1+[(2(i-1)+n/2-1)(mod n)]) and (n+1-i,n-[(2(i-1)+n/2-1)(mod n)]) ), where i=1,…,n/2.  (4) 

• If n is an odd number, we select one of the above options, (3) or (4), for n-1 and the solution is 
completed adding a queen in the position (n,n). 

Observations: Note that in formulae (3) and (4): 

1 We express by (a,b) the position of each queen in the chessboard, where “a” and “b” denote the 
row and column number, respectively. 

2 The quantity m(mod n), where “m” and “n” are natural numbers, is the remainder obtained by 
dividing “m” by “n”. For instance, 

 

⇒ 13(mod 5)=3. 

3 Fig. 1 shows an example of the formulae to be used to calculate an exact solution of the 
problem depending on the size n of the chessboard. We conclude that for values 
n=4,10,16,22,…, both (1) and (2) can be employed. 

 
Figure 1. Example of the formulae (3) and (4) to be used depending on the size n. 

Example: For the case n=4, both (3) and (4) are valid and we obtain the following solution: 
{(1,2),(3,1),(2,4),(4,3)} and translating to the “number-letter” nomenclature, we get the following board 

configuration: {1b,3a,2d,4c}. Fig. 2 shows the queen's position for this particular example. 

 
Figure 2. One of the solutions for the case n=4. 

Although we have a formula to calculate an exact solution for each value of n, it does not exist any 
expression to obtain all the solutions and neither to know how many solutions exist. To overcome this 
problem, a lot of strategies and algorithms have been designed throughout history. 
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4.1 Fundamental solutions and all solutions 
A subset of solutions is called fundamental if the solutions of this subset generate the rest of solutions 
by symmetry operations such as rotations and reflections. 

Table 1 shows both the number of fundamental solutions and the number of total solutions [12] for the 
first 15 values of size n. From these results, we conclude that the tendency of the number of solutions 
as the board size n grows, is exponential. 

Table 1.  Fundamental solutions and all solutions for all n<=15. 

Size n Fundamental solutions All solutions 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

1 

0 

0 

1 

2 

1 

6 

12 

46 

92 

341 

1787 

9233 

45752 

285053 

1 

0 

0 

2 

10 

4 

40 

92 

352 

724 

2680 

14200 

73712 

365596 

2279184 

5 ALGORITHMS 
In this section two algorithms to solve the n-queens problem are presented. In the first algorithm, the 
brute force will be used, and in the second one, the backtracking algorithm will be implemented. 

5.1 Backtracking algorithm 
One technique to solve the n queens problem has been using the backtracking technique. This is a 
general algorithm to find the solutions of some computational problems satisfying some constraints. 
The candidates solutions are built incrementally and a candidate is abandoned when it is determined 
that it cannot fulfill all the constraints. In the case of the n queens problem, the search of a solution 
candidate is stopped as soon as an attack between two queens is found, that is, before the final 
configuration of the n queens. 

As an example, we illustrate the case of n=4 queens. 

• The first queen Q1 is placed on the first column of the 4x4 board. There are 4 possibilities to 
place it (4 rows). We will start putting Q1 on the first row. We continue placing the second queen 
Q2 on the second column, taking into account the constraints: the fact that it cannot be attacked 
by Q1. The prohibited positions are shown with a blue cross. There are two positions on the 
second column in which Q2 will not be attacked by Q1, it can be placed on the third row or on 
the fourth. We will chose placing Q2 on the third row. Next, we follow to place Q3, which has to 
satisfy constraints of the queens Q1 and Q2. In this case, it is impossible to place Q3, the 
constraints make the placement of the third queen impossible. Hence, a new solution candidate 

1324



has to be found. This new candidate is found going backwards, following the rule that says “last 
placed, first displaced''. This process is shown in figures Fig. 3 and Fig. 4. 

 
Figure 3. Backtracking process chessboards for the first configuration n=4 queens. 

 
Figure 4. Backtracking process diagram for the first configuration n=4 queens. 

• In this example, Q2 will be the one displaced. So, we return to the process in which Q1 was 
placed and we analyze the second possibility we had to place Q2, that is, on the fourth row. 
Again, the prohibited positions are shown using a blue cross. We follow the process to place Q3, 
which is possible now. But after placing Q3, it is not possible to place Q4 on the board. This 
means that giving one step backtrack was not enough. Hence, we have to do a second 
backtrack, because there are not positions for Q2 that make possible the placement of Q3 and 
Q4. So, the position of Q1 has to be changed. This process can be seen in Fig. 5. 
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Figure 5. Backtracking process chessboards for the second configuration n=4 queens. 

• Now Q1 will be placed on the second row. There is one safe position for Q2 (4th row). The 
queen Q3 will be safe on the first row and finally, Q4 on the third row, obtaining in this way a 
solution of the 4-queen problem. This process can be seen in Fig. 6. 

 
Figure 6. Backtracking process chessboards for the third configuration n=4 queens. 

In Fig. 7 all the possible configurations for the case n=4 are represented. It can be seen that only two 
solutions are obtained in this case. 
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Figure 7. All the possible backtracking diagrams for n=4 queens problem. 

5.2 Coding the algorithms 
In this section the coding of the both algorithms to solve the n-queens problem will be explained. In the 
first algorithm, the brute force will be used. All the possible permutations will be generated and each of 
them will be analyzed, checking all the constraints. The permutations satisfying all the constraints will 
constitute the solution. In the second one, the backtracking algorithm will be implemented. 

We will start from the first one and explaining the concept of permutation. A permutation is an 
arrangements of all the elements of a set, being the order of the elements important. In the case of the 
3-queens problem for example, there are 6 permutations of the set {1,2,3}, namely: (1,2,3), (1,3,2), 
(2,1,3), (2,3,1), (3,1,2), and (3,2,1). These are all the possible orderings of this three element set. In 
the case of the 4-queens problem, there are 24; and for the general case of n-queens, the possibilities 
are the factorial of n: n!=1·2·3·...·n. In this problem a permutation can be used to set the configuration 
of the board. For example, the solution available in Fig. 6, can be written using a permutation in the 
following way: (2,4,1,3). This means that the first queen is placed on the second row of the first 
column, the second queen on the fourth row of the second column, the third queen on the first row of 
the third column and the fourth queen on the third row of the third column. In general, for a 
permutation of the type (pi), pi means the number of the row in which the i-th queen is placed. 

The brute force algorithm goes as follows: 

• Generate all possible permutations of the set {1,2,...,n}. 

• Set a counter to 0 and set a variable to store the solutions. 

• For each permutation test if the configuration is valid. And if so, increment the counter and store 
the solution. This test is developed by checking the constraint of belonging to the same 
diagonal. This is enough because permutations control the fact that the queens will not belong 
to the same row or the same column. 

The code we have implemented in MATLAB (MATrix LABoratory) can be seen in Fig. 8. MATLAB is a 
software environment for engineers and scientists used for programming and for interactive 
calculations. 
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Figure 8. Brute force algorithm to solve the n-queens problem. 

And the backtracking algorithm is the following (see the code in figures Fig. 9 and Fig. 10): 

• Set a counter to 0 and set a variable to store the solutions. 

• Place the queens column wise, starting from the first column (column on the left). 

• Try all the rows in the current column. 

• If the queen can be placed in the row safely: 

o Place the queen and solve the rest of the problem recursively. 
o If placing the queen in above step leads to the solution, increment the counter and store the 

solution. 

• Else: If placing the queen in above step does not lead to the solution, backtrack, remove the 
final queen that has been placed. 

 
Figure 9. Backtracking algorithm to solve the n-queens problem. 
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Figure 10. The main function of the backtracking algorithm to solve the n-queens problem. 

5.3 Performance of the algorithms 
In Fig. 11 and Table 2 we compare the computation time in seconds of the Brute Force Algorithm and 
the Backtracking Algorithm. We can observe that since the number of solutions has an exponential 
tendency, then both algorithms present this tendency as well. On the other hand, we also observe that 
the brute force algorithm is rather slower than the backtracking algorithm. 

Table 2.  Computation time in seconds of the brute force algorithm and the backtracking algorithm. 

Size n Brute Force Algorithm Backtracking Algorithm 

4 
5 
6 
7 
8 
9 

10 

0.008301761 
0.009315935 
0.044740922 
0.241822298 
2.092440631 

19.258857518 
191.71654838 

0.003481283 
0.00097664 

0.003010465 
0.012028286 
0.069527438 
0.256229102 
1.369519674 

6 CONCLUSIONS 
In this work, the problem of the n-queens has been presented. The definition of the problem and its 
mathematical formulation have been done. Solutions of the problem have been presented and two 
algorithms to solve the problem have been analyzed. The codification of these two algorithms has 
been done using MATLAB and the computational times have been compared. This work can be used 
as an example of a project inside the subject of Modeling, where students are asked to develop this 
type of task. 
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Figure 11. Computation time in seconds of the brute force algorithm and the backtracking algorithm. 
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