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Abstract  
The main goal of this work is to motivate undergraduate students, following mechanical and 
aerospace engineering subjects, to increase their interest and deepen their knowledge in fundamental 
sciences such as mathematics. To this end, we present a practical course of ten hours that will show 
the students the link between mathematics and engineering and will also show them how important is 
to study fundamental mathematics and how to solve real practical problems. This course will not only 
increase the motivation of the students in maths, but also will help them to develop some additional 
important skills such as practical thinking or the ability of linking and applying theory to practice. 

1 INTRODUCTION 
Motivation is one of the key words in the learning process. A recent study in neuroscience [1] shows 
that dopamine neurons in the midbrain send signals that can be identified as rewards, and this fact 
encourages human beings (or even animals) to perform and repeat certain types of activities. In a 
similar way, the cognitive learning process can be related to such increase in the dopamine levels. 
Thus, if the student is motivated, this rewarding mechanism will be active in the brain and, 
consequently, the probability of remembering in the future the new acquired knowledge will increase. 

In general, subjects related to sciences and engineering are difficult to understand for both, secondary 
school and undergraduate students. In particular in engineering degrees, the percentage of students 
who achieve a high mark in subjects such as infinitesimal calculus or linear algebra is under 50% [2]. 
With the aim of encouraging undergraduate students from mechanical and aerospace engineering to 
study more in depth these two particular topics, we present a practical guide that can be used as a 
complement to the theoretical background taught in class. This tutorial consists of 10 hours lessons 
performed in the laboratory that will show the students the real applicability of the mathematical 
concepts learnt in class. In this way, the students’ motivation for studying fundamental sciences such 
as mathematics, whose theoretical background is dense and complicated, will increase. This 
extracurricular activity will show the students that mathematics and engineering are two branches that 
complement each other, and that is very important to establish robust basis in mathematics, first, in 
order to develop more applied activities related to engineering next.  

Note that the activity that is going to be presented is planned to be used as a complement for 
infinitesimal calculus and linear algebra classes for first level students of mechanical and aerospace 
engineering. But due to the high complexity in the concepts that will be presented below, the teacher 
can also exploit these concepts and use this course at higher levels, using this material for example, 
as a complement for fluid dynamic or computational fluid dynamic (CFD) courses. 

2 THE PROJECT 
One of the main goals of engineering is to provide the student with a methodological approach to find 
solutions to solve real problems. To this end, engineers follow three main steps.  

• First step, it is necessary to simplify the reality and find models. A model could be, for example, 
a system of numerical equations that represent a real process. Alternatively, if the main goal is 
to study the behaviour of a complex object, such as an airplane, engineers may choose to 
design simpler items that approximate the real one.  

• Second step, it is necessary to simulate the reality, either solving the numerical equations, 
previously mentioned, using, for example, numerical simulations, or using the new object 
designed to perform experiments.  

• Third step, once the reality is simulated, some data are stored and analysed with the aim of 
extracting relevant conclusions that will be applied to solve the initial real problem. 
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The main goal of this activity is to apply these three steps by means of solving a real project. The 
students will study in detail the landing gear of an airplane and analyse the effects that this part can 
produce in flight. It will be necessary to introduce first the description and performance of the different 
parts of an airplane. Then some simple concepts about fluid dynamics will be introduced and some 
mathematical tools will be provided too. Finally, the students will use a Matlab code in which the new 
mathematical tools learnt are implemented. They will then develop the project and extract their own 
conclusions 

The curriculum of this activity could be structured in 5 lessons of 2 hours each one in the following 
way: 

! Lesson 1: 'The project and the model' 
! Lesson 2: 'Modelling and simulating the reality' 
! Lesson 3 and 4: 'The analysis: Mathematical tools to extract information' 
! Lesson 5: 'Conclusions of the mathematical analysis to solve the engineering problem' 

3 DETAILS OF THE LESSONS 

3.1 Lesson 1: The project and the model 
The aim of this project is to study the fluid dynamics effects produced by the performance of the 
landing gear of the airplane.  

In this lesson we present a brief description of the parts of the plain: 

 
Figure 1: Airplane parts 

As you can see in Figure 1, the landing gear is the undercarriage of the plane that is used for either 
landing or taking off. This group of wheels remain inside a closed cavity when the plane is flying in 
order to avoid drag effects. However, when the plane is not flying, this element is essential since it 
supports the craft and also allows its motion along the airport track. We can distinguish two types of 
motions of the undercarriage, depending on the process performed by the airplane (landing or taking 
off): 

• When the airplane is taking off, the wheels of the undercarriage spin around allowing the 
airplane motion along the plane track. The airplane increases its velocity motion and starts 
flying. When the airplane starts the flight a cavity opens and the undercarriage gets inside. 
Then, that cavity closes again.  

• When the airplane is landing, the cavity containing the landing gear is opened and the 
undercarriage comes out of the cavity. Then, the airplane lands and the undercarriage wheels 
allows the motion of the airplane along the plane track, until it stops its movement.  

Figure 2 shows the landing gear and the cavity when the airplane is either taking off or landing. 
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Figure 2: Position of the landing gear when the airplane takes off (or lands). 

When the cavity containing the undercarriage opens, a wide increase in the drag is produced. This 
fact could produce a rise in the quantity of carburant needed for flight, or even in some extreme cases, 
it could affect the stability of the airplane and produce turbulences. For this reason, it is necessary to 
study in detail what occurs inside this cavity, thus, study how the air interact inside the cavity. If the 
behaviour of the flow is understood, it is possible to control it. 

Once the problem is presented, it is necessary to simplify the reality and to create a model. On the 
one hand, we need to model the cavity of the landing gear. On the other hand, we need to model the 
air moving inside the cavity. 

• The cavity of the landing gear is modelled using a lid driven cavity. It is possible to compare the 
moving lid with the outer part of the airplane that is moving. Figure 3 shows the model. 

 

Figure 3: Modelling the trailing gear with a lid driven cavity 

• To model the movement of the air inside the cavity we need some equations. The science that 
study the movement of fluids is known as fluid dynamics. The equations that models the 
movement of the fluids are known as Navier-Stokes equations (here the incompressible 
version): 

 

The first equation describes the conservation of momentum in space and describe the forces that act 
on the fluid (momentum equation). The second equation is called 'continuity' and shows that the 
amount of fluid that flows into and out a volume is the same.  

Navier-Stokes equations are a group of partial differential equations that are used to simulate the 
movement of general fluids. To particularise the equations to a fluid, one can set the dynamic viscosity 
!  and the density ! to the appropriate values. For air, typical values are: ! =1.8 10-5 kg/m s and !=1.225 
kg/m3.  

These equations are very complex to solve, and they do not have exact solution. So, it is necessary to 
solve those using numerical methods, as is will be presented in Lesson 2. 
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3.2 Lesson 2: Modelling and simulating the reality 
A numerical code in Matlab is provided to the students in order to solve the Navier-Stokes equations in 
a lid driven cavity. In this step we want to simulate the reality. 

The two-dimensional square lid-driven cavity is a benchmark problem used continuously in the 
literature to validate numerical codes in the field of computational fluid dynamics. This simple 
geometry has complex flow structures. Basically this problem consists on a closed square cavity, 
which all the walls are statics with the exception of the top wall, which moves with an specific velocity 
profile tangent to the surface, for instance with constant U velocity.  

 
Figure 4: Lid driven cavity, where U is a uniform velocity on the top of the cavity,  

! is the density of the fluid confined in the cavity and µ is the dynamic viscosity of the fluid. 

The boundary conditions considered in the problem are no-slip boundary conditions on the fixed walls, 
slip boundary condition for U velocity on the top wall and zero normal derivative for the pressure in all 
the walls. All the variables involved in the problem are dimensionless by the U velocity (see Figure 4), 
length of the walls, L, and the density, !. In the dimensionless version of the equations these only 
depends on a dimensionless parameter what is called Reynolds number. This parameter is defined as 
the U velocity multiplied by the length of the walls L and divided by the kinetic viscosity, as µ/ !. So, 
the Reynolds number is defined as Re=UL ! / µ . Different simulations with the same Reynolds 
number must give the same results in dimensionless variables. 

The numerical method used is based on the classical second order finite difference method on a 
staggered grid and one-dimensional Euler scheme for the temporal resolution. When the momentum 
equation is integrated in time, the solution does not comply the continuity equation defined previously. 
Then, these are provisional or estimated velocities that must be corrected. One of the most traditional 
method in order to impose the continuity equation is the projection method for the pressure introduced 
by Chorin [4]. In this method the final velocity could be obtained from a correction of the estimated 
velocity by using the gradient of the final pressure, which is obtained by solving a Poisson equation 
where the independent function is precisely the divergence of the estimated velocity.    

As seen, Navier Stokes equations are very difficult to solve, and they only have a numerical solution. 
To avoid this difficulties in class, we will provide a code to the students solving the problem previously 
presented. This is a free-software based on a Matlab program developed by Bnejamin Sibold from 
MIT. The numerical code is modified and used in the laboratory [5]. We present the code in Appendix. 

From the numerical simulations, we extract snapshots of the velocity field that change in time (vk). We 
collect a set of 50 snapshots equispaced in time by 2 seconds (deltaT). Once we have simulated the 
reality and extracted information from this process, we proceed to the next step. 

3.3 Lesson 3 and 4: The analysis: Mathematical tools to extract information 
It is possible to extract information of temporal data (data changing in time) if we express them as an 
expansion of modes. This mode expansion can be calculated using Singular Value Decomposition 
(SVD) [3]. But before explaining this sophisticated technique to the students, first it is necessary to 
refresh some previous concepts developed in linear algebra and infinitesimal calculus courses. These 
concepts include the definition of the eigenvalues and eigenvectors of a matrix and the definition of 
series: 

• The eigenvalue decomposition of a matrix A consists of decomposing such matrix into a 
canonical form in the following way: 

AQ=QL, 
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where Q is the square matrix containing the eigenvectors (by column) and L is a diagonal matrix 
whose elements are the eigenvalues l. Remember that an eigenvector is a non-zero vector whose 
direction does not change when a linear transformation is applied to it. An eigenvalue is the 
characteristic root associated with a specific eigenvector. It is possible to find some examples on how 
to calculate the eigenvectors and eigenvalues of a matrix in linear algebra course. Additionally, we 
recall the students that eigenvalues and eigenvector may be real or complex. 

• A series is the sum of a sequence of terms. 
The main goal of SVD is to express each snapshot vk (obtained in the numerical simulations carried 
out in the previous lesson) as an expansion of modes. The SVD technique can also be called principal 
component analysis (PCA) or proper orthogonal decomposition (POD) when it is applied to study fluid 
dynamics problems. The main goal of SVD is to express the data (snapshot) as a series in the 
following way: 

  
!
=

"
N

i

k
i

k xutavk
i

1
)()(

 (1) 

where )(xuk
i

 are the SVD modes (modes orthogonal in space), and )(tak
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amplitudes, that oscillate in time. Finally, N are the number of SVD used in the expansion (series). The 
more modes used, the better is the approximation of equation (1) to the original data vk. The SVD 
modes provide useful information about the dynamics of the flow (negative effects produced by the 
landing gear). So, the main goal of this section is to calculate these modes to extract conclusions. 

To obtain these SVD modes, we proceed in the following way: 

1 The temporal data obtained in the previous lesson (snapshots) are organized in matrix form as 

 A=[v1, v2, ...,vk, ..., v50]  (2) 

2 Now we solve the two eigenvalues problems of the following matrices 

(i)  B1=A*transpose(A) 

(ii)  B2=transpose(A)*A 

• These two matrices B1 and B2 are normal positives semidefinites, such that their eigenvectors 
are orthogonal and their eigenvalues are identical.  

• The eigenvectors of (i) are collected in matrix U that represent the modes orthogonal in space 
(SVD modes). 

• The eigenvectors of (ii) are collected in matrix V that represent the temporal modes. These 
temporal modes can be used to calculate the amplitudes of equation (1).  

• We can joint these two previous calculations and we can represent the analysis of the data as 
the SVD in the following way: 

 A=U*S*transpose(V) (3) 

where, S is a diagonal matrix that represents the eigenvalues of (i) multiplied by the eigenvalues of (ii), 
which are both identical. From this equation we can say that each spatial mode(s), oscillate(s) in time 
with several frequencies.  
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Figure 5: A chart presenting the mathematics behind singular value decomposition. 

Figure 5 shows a 4 steps chart that helps to understand the mathematics behind the SVD algorithm 
previously explained: 

1 The directions of higher variance of the data are identified by means of the singular values from 
the original data set (snapshots matrix A).  

2 We calculate the eigenvectors qj of the matrix B2, which give the directions of higher variance.  

3 Then, the original data are rotated on this direction by means of the projection of A onto V 
(matrix that contains the eigenvectors qj).  

4 It is possible to look at the data in the rotated space and proceed to remove the directions 
associated with the smallest eigenvalue. So, for example in Figure 5 it is possible to get a 1D 
approximation of the original (2D) data by removing q2 which is the eigenvector associated with 
the smallest eigenvalue. 

This very complex mathematical concept, will be explained more in detail in class by means of using 
the following Matlab code, presented in Table 1. 

Table 1.    

!"
#!$%&'"()*"%+,-,.&/"'&(&!0"
/%&'"12(3("
/%&'"452(3("
/%&'"652(3("
"
#!7*+8%+9":;<!0"
=>":";?@AB'#1C!*5%.!0D"
"
#!<*8,.*"&".*E"9*A)"8%+"()*"F/%(!0"
=4C6?@9*A)-+,'#/,.AF&5*#GHCHCIJ0C/,.AF&5*#GHCHCIJ00D"
"
#!<*8,.*"()*"9%'*"()&("K%L"E&.("(%"F/%(!0"
M%'*N%7/%(@H"
>F@-+,''&(&#45C65C>#OCM%'*N%7/%(0C4C60D"
"
#!7/%("A,.-L/&+"B&/L*A!0"
8,-L+*#H0"
F/%(#',&-#:0P:#HCH00"
""
#!7/%("%+()%-%.&/"AF&(,&/"9%'*AQ0"
8,-L+*#I0"
5%.(%L+8#4C6C>F#OCM%'*N%7/%(00"
"
#!N*A("5%.B*+-*.5*"%8"()*"9*()%'O"R*5%.A(+L5("M&(+,3"1!0"
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"
#!:*("()*".L9S*+"%8"M%'*A"K%L"E&.("(%"+*(&,.!0"
M%'*AN%R*(&,.@JD"
11@>#OCHOM%'*AN%R*(&,.0T:#HOM%'*AN%R*(&,.CHOM%'*AN%R*(&,.0T;#OCHOM%'*AN%R*(&,.0!D"
"
#!R%%("9*&."AUL&+*"*++%+"%8"()*"+*5%.A(+L5(,%."LA,.-"A%9*"9%'*A!0"
<,8@1G11D"
RM:V@.%+9#<,8#O0CI0P.%+9#1#O0CI0""

The students will plot the singular values from matrix S and their associated spatial modes from matrix 
U (SVD modes, orthogonal in space) and will study their contribution and their meaning. The larger 
singular value, the more important is the contribution of the orthogonal mode. The flow behaviour can 
be described and understood by means of the most relevant modes. 

The students will reconstruct the original matrix of data A using the SVD relation of equation (3) and 
will measure the error of this approximation. 

Finally, the students will study the different RMS errors obtained in the reconstruction of matrix A as 
function of the number of modes retained in equation (3), (ModesToRetain). This small exercise 
represents the dimension reduction presented in Figure 4, step 4. The students will understand the 
contribution of each mode and their relation to the singular values. 

3.4 Lesson 5: Conclusions of the mathematical analysis to solve the 
engineering problem 

The test cases considered in the practices is the 2D flow at Re = 1000 and 2000, U top equal to one, 
and different resolutions. For instances, 50x50, 100x100 and 200x200 nodes on each direction. The 
students must carry out a convergence study of the results. So they will understand that the value of 
the velocity field at a given point in the domain converges when the resolution increase. Grid 
convergence is an essential step that is necessary to carried out when difficult equations are solved 
numerically. 

The base flow obtained by the students in the case of Reynolds number equal to 2000 and resolution 
150x150 is represented in Figure 6 for the U and V velocity components. 

The following step will be to obtain the dominant modes using the POD technique described in this 
document. Two alternatives will be available. 

• In the first alternative some snapshots will be saved in a file with the aim of using them later. 
The code described in Table 1 will be used to post-process such snapshots. 

• In the second alternative, we will provide to the students the original MIT’s code and, with the 
help of the teacher, they will modify it as it is described in the Appendix. 

In both cases the students must be compare their results with Figures 6, 7 where the u and v contour 
velocities of the first, second and fourth SVD modes are represented for Reynolds number equal to 
2000 and resolution 150x150 (in each direction). Then, they will need to describe the results obtained 
briefly:   

• These SVD modes help to understand the movement of the flow inside the cavity of a landing 
edge. As seen, these modes oscillate in time and also rotate inside the cavity. This rotational 
effect might be the cause of some undesirable effects produced in the airplane, such as a rise in 
the drag. Once that we understand what happens inside this cavity, engineers can proceed to 
find a way to attenuate, or even suppress the effects that are undesirable.  

• Additionally, these SVD modes compare qualitatively well with results presented by different 
authors in the literature, who obtained the same results using different technics such as global 
stability analysis. But, due to its high complexity, this comparison is far from the scope of this 
tutorial.  

After this qualitative analysis, students should plot the singular values. Each singular value is related 
to each mode. The higher the singular value, the higher is the influence of the mode in the 
reconstruction presented in equation (1) and (3). Students will also compare the results obtained as 
function of different parameters: total simulation time, number of snapshots used, resolution, etc. In 
the case of Reynolds 2000 Table 2 shows the value of the singular values obtained at resolution 
150x150. Figure 8 shows the plot of all the singular values obtained. 
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Figure 6: From left to right U and V velocity of the base flow and the first POD mode  

at Reynolds number 2000 and time 150. 

  
Figure 7: From left to right u and v of the second and fourth POD mode at Reynolds number 2000. 

Table 2.    
 Mode Amplitude of the singular 

values 
1 
2 

1.000000 
0.090776 

3 0.000204 
4 0.000152 
5 0.000126 

 
Figure 8: Singular values at Reynolds number 2000. 

Finally, the student must evaluate the differences between the original snapshots matrix A and the 
reconstruction of such matrix using SVD as in equation (1) and (3), but retaining only N modes. They 
will change the value of N and they will see that the more modes used in the reconstruction, the 
smaller is the difference between these two matrices. They will measure these differences by means 
of the root mean square error (relative error). Table 3 shows the root mean square error of the 
reconstruction using different number of modes. 

Table 3.    
Number of modes of the 

reconstruction 
Error 

1 4.23576e-04 
2 9.49763e-07 
3 7.11136e-07 
4 5.88209e-07 
5 4.19502e-09 

4 CONCLUSIONS 
This article presents a course that will teach students the link between mathematics and engineering. 
The main goal is to increase the motivation in class by means of showing students, who study 
aerospace and mechanical engineering courses, that it is very important and useful to learn 
mathematics. In this practical course of ten hours we propose the students a real engineering problem 
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to solve. Mathematical tools and a numerical code implemented in Matlab will be provided to the 
students to help them to solve the problem. 
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APPENDIX 
Table 4.    
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"""5%.(%L+8#3LCKLCL9%'*!0D"
"""(,(/*#!L!C!i%.(:,^*!CHIC!i%.(j*,-)(!C!S%/'!0D"
"""3/&S*/#!3!C!i%.(:,^*!CHIC!i%.(j*,-)(!C!S%/'!0D"
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