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Abstract  
In this paper, I describe some activities proposed to students of the General Mathematics course at 
three years Architecture Degree of Politecnico di Torino. Students attending the course show some 
difficulties in studying the topics, mainly due to the intrinsic difficulty of topics and to the lack of interest 
have they in them. Here are some examples of activities proposed in this course and enthusiastically 
received from the students. For this purpose, different tools are used: from the ancient origami art to 
modern software as GeoGebra. This approach often surprises students and shows them that they can 
see and use mathematics in many different ways.  
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1 INTRODUCTION 
This essay concerns some activities I proposed to students of the General Mathematics course I teach 
at three years Architecture Degree of Politecnico di Torino. The General Mathematics course is a first 
year one and future architects are requested to attend it as it gives them suitable basic mathematical 
knowledge and some insight over mathematical methodologies, useful in following courses. The main 
topics of the course concern geometry and calculus. Difficulties students have in studying the topics 
are mainly due to the intrinsic difficulty of topics, to the lack of interest the students have in them and 
to the short time (12 weeks, 9 hours each, usually) the students have to learn everything.  

Moreover, one more difficulty in teaching this course is that students attending it have different 
backgrounds as they come from schools of different kinds. In fact, some of them attended high 
schools, no matter if scientific or humanistic, while others attended technical schools. To make uniform 
their mathematical preparation, the course concerns both topics that are new for every student, and 
ones new for students coming from technical schools. In this last case, a trick I use is to present these 
topics under a new perspective, so to stimulate also students that are familiar with them. 

Going back to the difficulties the students have, the two aspects on which I can act, are the following: 
at first, I use tools, novel in this context, to decrease the level of abstraction of the topics. Secondly, I 
use tools, not necessarily the same as before, to stimulate their interest.  

The way I try to obtain those ends is the content of this paper, and the strategy I propose is to make 
mathematics both dynamic and experimental. The tools I use, are origami and GeoGebra. 

Origami is the ancient Japanese art of folding paper. As the handmade models are multifarious, I 
select and create models suitable to visualize mathematical concepts. In fact, as suggested by de 
Finetti in [1], abstract mathematical concepts become easier to learn if one can touch representations 
of them. Even if origami is considered a game for children, it  has been successfully used to teach 
mathematics in  secondary schools and university, where some practical activities have been 
proposed in geometry, optimization, combinatorial mathematics, abstract algebra, number theory, 
mathematical modelling (see [2], [3], [4], among the others). Recently origami, as geometric folding, is 
looked at as a juncture between computer science and mathematics for both undergraduate and 
graduate students, as shown in [5] by E.D. Demaine and J. O’Rourke, or between mathematics and 
technological applications (see the many contributions in [6]).  

In my course origami is introduced to let students became friendly with some geometrical concepts. 
Students are invited to fold some easy models to visualize vectors operations and the possible relative 
positions of lines and planes in 3D space, decreasing the abstractness of a purely theoretical 
explanation and the difficulty of drawing neat pictures (see Section 2).  

GeoGebra is a dynamic mathematical software, freely available at https://www.geogebra.org. In the 
last years there have been many didactic experiments in mathematic undergraduate courses (see [7]), 
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where very interesting exercise are proposed. Moreover, in [8] the authors propose sequences of 
classes using GeoGebra for teaching the epsilon-delta definition of limits.  

In my course, I ask students to use this software both to design a building façade containing some 
geometric elements given via their algebraic equations, and to restyle a famous painting or panorama, 
using suitable graph transformations of well-known functions (see Section 3). 

In Section 4, I present one more attempt to increase the student interest; in particular I propose to 
classify the chips shapes according to a rough classification of abstract surfaces. 

2 ORIGAMI AND GEOMETRY 
Origami is a tool strictly connected to mathematical concepts because each fold is a straight line 
segment. There is a set of axioms that makes origami a geometric theory. In this setup, origami 
constructions correspond to solve algebraic equations of degree 3. So it is not a trivial instrument. 
Recently, it has been used in many technological applications, ranging from solar panels to medical 
micro devices (for an overview visit the website: www.langorigami.com). As written in the introduction I 
use origami to fold models that illustrate abstract mathematical concepts in space and in the following 
I give their descriptions. Each model takes from 5 to 15 minutes to be folded. Finally, the models can 
be easily reopened, transported and refolded.   

2.1 Vectors’ sum and mixed product 
To visualize the vector sum, I distribute a square paper 10x10cm for each student and give the 
instructions below (the models are traditional, but used in an original way). 

 
Figure1. Vectors sum fold instructions (by F. Decio; traditional models). 
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Folding instructions: 

1 Fold the square diagonal and reopen (picture 1). 

2 Overlap two opposite sides of the square over the diagonal (picture 2; obtain picture 3). 

3 Reverse the model: a parallelogram appears with one diagonal signed (picture 4). 

Now students can highlight the diagonal and two consecutive edges (picture 5) exiting from a vertex 
together with the diagonal. Hence we get a representation of the sum of vectors.  

1 Reverse again the model and restart from picture 6 (equal to picture 3).  
2 Overlap along the diagonal the two shorter opposite edges (picture 7; obtain picture 8).   

3 Reversing the model, the sum of vectors with the same length appears and the parallelogram 
becomes a rhombus (picture 9). 

In this second case, students visualize the sum of vectors with the same module, and so the diagonal 
bisects the angle between the given vectors. 

Another interesting activity is to realize a 3D model which visualizes the geometrical meaning of the 
absolute value of vector mixed product. In fact, it is well known that, given three vectors v, w, t, and set 
“x” and “⋅” the vector and scalar product, respectively, the absolute value |vxw⋅t| represents the volume 
of the prism having the vectors v,w and t as the three edges from a common vertex.  

Distribute an A5 paper to each student. The following folding instructions allow students to construct a 
paper model: 

 
Figure 2. Vectors sum fold instructions (by F. Decio; original model by F. Decio). 
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Folding instructions: 

1 Sign, folding only a small segment, the medium points of the edges and reopen (picture 1). 

2 Considering two opposite edges (vertical in the picture), fold them onto the middle points of the 
two other edges and reopen (picture 2). 

3 Considering the same edges, fold them onto the most distant previous fold and reopen (picture 
3). 

4 Considering the two other opposite edges (horizontal in the picture), repeat the instruction 2 
(picture 4). 

5 Fold the two horizontal edges onto the nearest previous fold (picture 5). 

6 Fold and unfold the diagonals of the lower rectangles, as shown in picture 6 and repeat for the 
upper rectangles as show in picture 7. 

7 Close the model, inserting one of the external rectangle in the other one (picture 8). 

8 Push inside following the folds obtained at step 6 (picture 9), obtaining the model in picture 10. 

When placing the model on the table with the empty rectangle as its base, students visualize a prism 
having v,w and t as the edges from a common vertex, and whose volume is the absolute value of the 
mixed product of v, w and t. The following picture shows the result: 

 
Figure 3.  Visualization of; (a) vectors sums (b) module of mixed (Photo by M.L.Spreafico). 

2.2 Three dimensional reference frame 
This model can be used to make experience with the relative positions of lines and planes in space, 
but also to better understand the orthogonal projection during the Architectural Drawing course. 
Distribute to each student an A5 size paper and follow the instructions below.  

Folding instructions: 

1 Fold overlapping the two shorter sides of the rectangle (picture 1). 

2 Fold overlapping the new two shorter sides of the obtained rectangle and reopen (picture 2). 
There are three valley folds and one mountain long fold (see picture 4).  

3 Overlap the mountain long fold onto the short valley fold making a new fold (picture 4; obtain 
picture 5). The model is now three dimensional.  

4 Reverse the model and look at the side where more layers appear: it is composed by two 
triangles and one rectangle. Fold the rectangle over the triangle (picture 6). 

5  Pocket a triangular part of the rectangle under a triangle (picture 7; obtain picture 8). 
6 Reverse the model and put it on the table (picture 9). 
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Figure 4. Frame fold instructions (by F. Decio; traditional model). 

Once the reference frame is ready, students can construct lines and planes in it, by using needle-and-
thread, starting from the coordinates of some points of the considered lines and planes (see Fig. 6). 

2.3 Relative position of lines and planes 
Many times students experience difficulty to see the relative position of planes and lines in the three 
dimensional space. In particular, two lines can be either incident or parallel or skew, and so there is a 
new position with respect the planar situation. Moreover, the fact that two planes intersect on a line 
and that three planes can intersect in one point is not so evident for students. To visualize these 
situations one can propose the construction of this easy model of antiprism.  

Distribute three or four square papers 10x10cm to each student.  

Folding instructions: 

1 Fold a square along a diagonal (picture 1). 

2 Overlap the two hypotenuse vertices over the right vertex and unfold (picture 2). 

3 Overlap the right vertex (both the paper layers) over the medium point of the hypotenuse 
(picture 3) and reopen. Repeat the instructions for the two more squares obtaining three 
modules. 

4 Insert a right winglet (lower triangle) of a module in the left winglet of another one (picture 5).   

5 Bend the previous folds again and insert the last right winglet in the last left one, closing the 
model in 3D (picture 6; obtain picture 7). 

The following diagram shows the sequence of folds. 
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Figure 5. Antiprism fold instructions (by F. Decio; traditional model). 

Now the students can observe the model and work with it. For example they can highlight the lines 
and identify incident, parallel and skew lines (see Fig.6 below). They can also describe lines as 
plane intersections. About planes, they can describe pencils of planes (parallel or with a common 
line). They can also continue the exercise as homework, answering to different questions (for 
example, they can compute some dihedral angle). 

 
Figure 6. (a) Frame with “embroidered” lines; Antiprism: (b) incident, parallel and skew lines (red/black, 

yellow/black, yellow/red, respect.); (c) incident and parallel planes (three “paper planes” are incidents at the 
point A; planes a and b are parallel). (Photo by M.L.Spreafico) 
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3 GEOGEBRA, COORDINATE GEOMETRY AND CALCULUS  
During the course two optional homework are proposed to students; their realization can improve the 
final examination mark. The aim is to better understand and use coordinate geometry and calculus, 
connecting mathematics to students’ interests. They are asked to prepare two different exercises 
involving coordinate geometry and calculus elements, respectively: a design of a building façade 
containing some geometrical elements and a restyling of a picture using elementary transformation of 
basic functions.  

3.1 Coordinate geometry 
In this activity students have to design a building façade using GeoGebra. The façade has to have 
some fixed geometric elements with their algebraic description. In particular I require the parametric 
equations of the elements, usually at least a line, a segment, an arc of circle, an arc of ellipse and of 
parabola and a polycentric curve.  This last curve has been used very often in architecture and is the 
union of arcs of circles with different centres and radii. At the connections, the circles must have the 
same tangent line so to get a smooth curve.  

In the below original proposal of a student, she decided to draw its project using watercolours 
technique and then she tried to parametrize the used curves using GeoGebra. In this way, this activity 
allows students to use some knowledge of coordinate geometry to design and, at the same time, 
trains them to read maths in architecture.  

 
Figure 7. (a) Draw of the project (b) the facade GeoGebra representation (by student: F. Rizzo D’Antoni). 

3.2 Calculus 
One of the purposes of the course is to be friendly with basic functions, as cosine, sine, exponential, 
logarithm, and the elementary transformation of their graphs. Students are asked to restyle a picture 
(a famous painting, a skyline, a panorama..) imported in a GeoGebra sheet, using appropriate graph 
transformations to trace over some significant lines. 

This work reverse the standard requires of courses; in fact the manipulation of the basic functions (as 
cosine, sine, exponential, logarithm) is not an abstract require of the teacher, but it is directed to 
visualize some interesting elements of the picture. 

The idea is to start from basic functions and move their graphs in the plane using elementary 
transformation as translations (from y=f(x) to y=f(x+a)+b, with a,b real numbers) and dilatations (from 
y=f(x)  to y=kf(hx), with h,k real numbers). Students can obtain the expected graph or experimented 
their hypothesis visualizing in real time the result, or inserting a parameter. In this last case, GeoGebra 
visualize a slider that student can move concurrently with the graph. This allows students to move with 
continuity the graph, depending on the parameters values.  

In the following first example, the student approximates the St. Louis arc with a particular catenary: he 
gets the base of the exponential function experimenting with GeoGebra. The software allows students 
to read in real time his conjectures and finally he decided that one possible good choice was the base 
8. 
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Figure 8. Screenshot of the GeoGebra sheet (by student L. Vesprini). 

Other students choose to approximate some interesting lines in two famous masterpieces of 
Kanagawa and Picasso, respectively (see Fig. 9 and 10 below). 

 
Figure 9. Screenshot of the GeoGebra sheet (by student C. Patti). 

 
Figure 10. Screenshot of the GeoGebra sheet (by student E. Vignani). 

Moreover, these students compute also the area of some parts of the picture using the function 
“integral” in GeoGebra. For example, in Kaganawa masterpiece the student compute the area of the 
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wave comparing it with the area of the sky. In Picasso masterpiece the student compute the areas of 
some splash of color. 

4 A MATHEMATICAL SNACK 
In this section a funny experience is presented. During a lesson in the course, the most interesting 
(from the architectural point of view) surfaces are showed. Each family of surfaces is briefly described, 
and example of building with this structure is showed. 

Finally we collect all the introduced surfaces type in the following diagram:  

 
Figure 11. Overview of relations of some interesting surfaces. 

But, to involve more the students, at the end of the lesson I organize a particular snack: I offer chips of 
different geometrical shape and they have to classify them as surfaces using the previous diagram 
(Fig.11). 

We left to the reader the same question; start the game with the following chips:  

 
Figure 12. Game: classify these mathematical snacks! (Photo by M.L.Spreafico). 
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5 CONCLUSION 
I conclude with some consideration from my point of view, as teacher, and from the point of view of the 
students. I found that the activities presented in this paper involved students in studying mathematics. 
Many students come to discuss with me, also out of the lesson time. Moreover, they improved the 
spatial display of objects and the reading of function graphs, obtaining higher rating during the 
examination test. 

But I can share also two student anonymous comments that I received at the end of the course: 

“In my opinion, it is very useful the part concerning the application of mathematics to architecture. I 
found it very interesting and I like also the lessons we tried to find math in foods or the ones where we 
made the origami. In my opinion, alternating to the front lesson, with examples and demonstration of 
how maths is part of our everyday life and how it will be part of our work, is very interesting and also 
increase curiosity”. 

“I appreciated the optional exercises that give me the chance to look at math in a different way and at 
the same time to get an extra point on the exam. As well as I appreciated the continuous reference, 
during the course, to mathematics applications in real life and in the architectural field. “ 
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