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Abstract 
Although it is fundamental in the mathematics curriculum, algebra is one of the areas that presents the 
greatest difficulties for teachers and students. The study of polynomials is important in mathematics 
and other areas, and its use addresses arithmetic operations as well as properties of this concept. In 
this article, we will dwell on the multiplication of polynomials. 

Based on the hypothesis that the use of dynamic activities in mathematics classes can help in the 
learning of contents in a more meaningful and motivating way, we present in this work the analysis of 
a proposal of a didactic activity with the use of Algebra Titles for teaching and learning of the 
multiplication of polynomials. This proposal was presented to a group of the 8th year of elementary 
education. Algebra Titles is an applet that uses rectangles called tiles to represent variables and 
numbers in order to help in learning the content involved. 

The importance of this proposal is justified by the difficulties that most students present in the 
transition from arithmetic to algebra, because in this period students have to operate letters whose 
values are not associated with something manipulative. We were interested to see if the application of 
this applet influenced the students' understanding. 

This study was developed with twenty-six students in a class of 8th grade of 3rd cycle of basic 
education and was carried in the context of a teaching experience during the teaching of monomials 
and polynomials. Methodologically we opted a qualitative and interpretative research approach, 
created on a case study, based on the data collection in the direct observation of a fifty-minute class 
and in the written productions of the students. A task was proposed that the students performed 
individually. The teacher is an author and assumed the role of observer.  

The results show that the application of Algebra Titles facilitated the learning of polynomial 
multiplication by students. The performance of the students was significantly better than usual, even 
those who had poor performance at math. It is considered that the experience can be reapplied in 
other classes with the same results. 
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1 INTRODUCTION 
In Portugal, Algebra is one of the four major mathematical themes developed throughout the basic 
education, being explicitly referred to in the 2rd and 3rd cycles of basic education. 

In Portugal, the education system foresees three cycles for basic education: 1st cycle, 1st to 4th year 
(6 to 10 year olds); 2nd cycle, 5th to 6th year (pupils from 11 to 12 years old) and 3rd, from 7th to 9th 
grade (pupils from 13 to 15 years old). The formal study of Algebra begins in the 7th grade of 3rd cycle 
of basic education and it is in the 8th grade that the proper procedures of Algebra are discussed in the 
framework of the properties of monomials and polynomials, of which stand out, recognize and operate 
with monomials, recognize and operate with polynomials [1]. 

In Algebra learning students are often disinterest and lack motivation, since they identify it as a way of 
operating with letters, making it difficult to understand the algebraic concepts that are considered for 
most of them, abstract and meaningless. The operations with polynomials, is the more general content 
of Algebra, and is one in which the students reveal enough difficulties [2]. The operative rules 
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underlying it, in particular the distributive property of multiplication over addition, are often forgotten or 
confused by students. 

Kieran ([3], p. 24) points out that, in general, Algebra textbooks focus on the rules for transforming 
expressions, which include, for example, reducing similar terms, factorizing, expanding, replacing, 
adding, and multiplying polynomial expressions, to raise a polynomial to a particular exponent, instead 
of considering the conceptual meaning that underlies those rules or the structure of expressions with 
variables. 

The use of technology in mathematics classes can be useful both in the aspect of appropriation of 
knowledge and in the development of competences, because "technology is essential in the teaching 
and learning of mathematics; influences the mathematics that is taught and improves student learning" 
([4], p. 26). With regard to Algebra, technology contributes significantly to its teaching and learning [5] 
and the use of digital tools can promote the appropriation of symbolic meaning as well as the 
development of algebraic competences [6]. However, "by itself, its use does not guarantee student 
learning. Therefore, it is necessary to know when and how they should use technology" ([7], p.17). 

Working with algebraic expressions is an important part of Algebra learning. ([7], p.77). For students in 
the 3rd cycle of basic education, the previous program, which continues to be practiced today, 
suggests that "the learning of operations with monomials and polynomials and the simplification of 
algebraic expressions must be progressive and use situations that allow students to understand 
symbolic manipulation involved, for example, by performing calculations from algebraic expressions, 
replacing the letters with numerical values" ([8], p.55). 

It was in this context that a perspective of teaching experience arose during the teaching of the unit 
"Monomials and Polynomials" in which the use of virtual manipulative material in an applet format was 
available on the Internet, Algebra Titles. The applet is an interactive virtual animation focused on the 
development or consolidation of a particular topic. This study has as main objective, to evaluate the 
contribution of the use of an applet in the approach to the domain of Algebra, more concretely, in the 
multiplication of polynomials. 

This paper is organized as follows: the next section is devoted to a brief theoretical context of support 
to our study, followed by a section where we discuss the methodology adopted. In the fourth section 
we present the results obtained with this study and we concluded this article with a section where we 
state some pertinent conclusions and we made some reflections about the obtained results. 

2 THEORETICAL BACKGROUND 
In mathematics curricula, Algebra is a subject of the greatest importance that has seen its altered and 
anticipated approach to the year of teaching ([1]; [4]), with a view to further strengthening its 
conceptual aspects, because "Algebra is more than the manipulation of symbols." ([4], 39). It is 
necessary for students to understand "algebraic concepts, structures and principles governing 
symbolic manipulation, and how symbols themselves can be used to record ideas and draw 
conclusions from certain situations" ([4], p 39). 

In the Mathematics Program of Portuguese Basic Education [1], Algebra appears as one of four great 
themes from the first years of schooling. In the 3rd cycle of basic education, we work with expressions, 
equations, inequalities and functions, trying to institutionalize algebraic language and develop 
algebraic thinking in students. Kieran [9] points out that, at a more advanced level, this thinking 
manifests itself in the use of symbolic expressions and equations rather than numbers and operations. 

There are several researches on students' learning of Algebra, particularly on the errors and difficulties 
they present, which essentially concern the understanding of the concept of variable [10] and work 
with expressions and equations [11]. 

Booth [12] indicated that in Arithmetic, students were taught to present answers with a single term, 
that is, 3 + 5 is not an acceptable answer. Thus, it becomes unlikely for students to recognize a + b to 
represent the total number of elements of two sets, a being the total number of elements of the first set 
and b the number of elements of the second set. 

Greeno [13] conducted a study with beginning students in school Algebra and concluded that they had 
a rather reduced structural understanding of Algebra. In particular, the simplification operation of the 
students seemed to be quite random, which occurs, for example, in the simplification of 4(6x - 3y)+5x, 
which was considered, in a given moment, as 4(6x - 3y + 5x), and as 4(6x + 5x) - 3y at another time. 
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Another typical error in the simplification of algebraic expressions was the algebraic addition of non-
similar terms, as Welder [14] illustrated. For example, 39x - 4 = 35x and 2yz - 2y = z. Carry, Lewis and 
Bernard [15] confirmed that this type of error was committed not only by students at the beginning of 
algebra, but also by university students. In their study, the authors verified that this error was the most 
predominant in the simplification of expressions, in different phases of the resolution of equations. In 
addition, the authors pointed out that this error could also be committed when students propose to 
generalize an operation. 

The teacher often uses only the manual as a didactic resource, leaving aside the fact that "books, 
even though they are illustrated with figures of manipulative materials, do not replace the materials 
themselves, since with them, in a laboratory of mathematics, Students could visualize the situations 
proposed in a given problem" ([16], p. 15). Manipulative materials are objects designed to represent 
explicitly and concretely mathematical ideas that are abstract. These materials have a strong visual 
and tactile appeal and can be manipulated by students through practical experiences ([17], p. 176). 

According to the NCTM [4] "technology is essential in the teaching and learning of mathematics; 
Influences the mathematics that is taught and improves students' learning" (p.26). For the learning of 
content associated with Algebra, the teacher has several applications created exclusively for learning, 
such as applets, tools available on the Internet and that can be used in mathematics classes to work 
several "mathematical concepts in a way Different, stimulating for the students, enabling pedagogical 
differentiation in the classroom" ([18], p. 6). 

In this context, Figueiredo and Palha point out "(...) The ease of understanding of these applets that 
fundamentally appeal to the informal knowledge of the students makes it possible to treat the concepts 
in a natural and intuitive way, thus constituting a solid basis for a later work, more formal" ([18], p.7). 

Moyer, Bolyard and Spikell [19] use the term "virtual manipulatives" to refer to applets in the form of 
virtual manipulative materials that enable the same properties as real manipulatives, adding the 
advantage that they can be used at any time by teachers Or students, as they are available on the 
Internet. In addition, many of these materials make it possible to correct responses, which can provide 
environments in which students reflect on their conjectures and solve the difficulties they encounter 
during task resolution, establishing connections between different mathematical concepts and 
operations [20]. 

The use of these new technologies does not rule out the importance of working with paper and pencil, 
and it should be assumed that this is just another way of representing the mathematical concept under 
study, because students must be able to change between forms of representation of concepts, 
according to what is most appropriate ([4]; [7]). 

3 METHODOLOGY 
This exploratory, qualitative and interpretive study aimed to teach and learn the multiplication of 
polynomials through the use of virtual manipulative material, in the form of an applet, in the course of 
the lecture " Monomials and Polynomials", Algebra Titles, available at http://media.mivu.org/mvu_pd/ 
a4a/homework/applets_multiplication.html. It was tried to recognize advantages and disadvantages of 
the use of virtual manipulative material in the learning of polynomial multiplication. 

The applet, Algebra Titles (Fig. 1), provides a set of small rectangles, representing monomials (1, -1, 
x, -x, x², -x²) that we can drag to the work area, placing them horizontally or vertically, thus becoming 
the factors of a product. The area that represents the product is immediately marked on the work area 
and now it is a question of dragging the different partial products until it fills completely. Finally, 
simplification is made by annulling the symmetrical monomials. 
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Figure 1 - Applet screen used. 

This episode was reinvigorated in December 2016, during a fifty-minute class, in a group of the 8th 
year of the first author's education, totalling twenty-six students, eighteen girls (69%) and eight boys 
(31%), ages between 12 and 13 years. In the final evaluation of the first period, in a scale of zero to 
five, six students (23%) had level two and twenty students (77%) had a level of three or more. 

At the beginning of the class (5 minutes) the teacher presented the applet “Algebra Titles" to the 
students, projecting the same on a screen. The students in groups of two, made the exploration of the 
applet (25 minutes). By pressing the "New" icon they had another exercise to solve and if they 
preferred to choose polynomials, they activated the "Enter" icon and assigned values to the 
coefficients of the terms. 

The fact that this applet is originally in English was not a difficulty for students when they try to interact 
autonomously with this tool, since in Google Chrome 4.1, a browser widely used on the Internet, there 
is the translation feature with numerous languages, including Portuguese. 

After this stage, without any help, the students solved a question that included the resolution of 
exercises that addressed the multiplication of polynomials, using or not the model explored in Algebra 
Titles (Fig. 2). The students were asked to solve it individually and write down everything they did, to 
indicate all the calculations made, not to erase what they had done, and, when they were mistaken, to 
pass a line over and continue. 
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Figure 2 - Activity - Question class (QA). 

The data were collected by the first author who was the teacher of the class, using the following 
techniques: face-to-face observation; collection of written elements produced by the students in the 
context of the resolution of the lesson question, allowing to obtain information about the knowledge 
and abilities of the students; Keeping records as accurately as possible immediately after class with 
observations and impressions of how students reacted and engaged in assignments, as well as a few 
significant episodes. 

4 RESULTS 
In the QA activity, the success coefficients obtained were globally satisfactory and some surpassed 
the expectations. Thus, for the most part, students are able to multiply polynomials. 

All students (100%) correctly answered the first three questions. 

In the first item "Surrounds the multiplication of polynomials corresponding to the area that is 
represented in the model.", students surrounded the answer "(2x + 1) (2x + 1)". In the second item, 
"Uses the area that is represented in the model and surrounds the reduced polynomial corresponding 
to (3x + 1) (2x + 3)", students surrounded the answer "6x² + 11x + 3". In the third item, "Uses the area 
that is represented in the model and surrounds the reduced polynomial corresponding to (2x + 3) (x + 
3)", students surrounded the answer "2x² + 9x + 9". 

In the fourth item in which the polynomial is calculated in the reduced form, all students (100%) 
correctly answered the first letter "x (x + 5)" and wrote "x² + 5x". 

    
  Figure 3 - QA activity - Example response (item 4a). 

Regarding the second line "(3-x) (5x-2)", in the fourth item in which the polynomial is calculated in the 
reduced form, it was verified that twenty students (77%) were successful in the response. The errors 
were mainly arithmetic and distracting. 
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Figure 4 - QA activity - Example response (item 4b). 

The incorrect resolutions have several sources: four students (15%) did not consider that x.x = x², one 
student (4%) was mistaken in the calculations and another student (4%) simplify polynomials by 
combining terms not similar. 

  

 
Figure 5 - QA activity - Errors encountered in polynomial multiplication (item 4b). 

In the next class the task was returned to the students and in order to clarify their answers, the teacher 
talked with the class and registered the dialogue. 

Teacher: In the 1 st question, what was your reasoning? 

Fran: I counted the pieces from the sides and answered. 

Lily: Me too. 

Teacher: And the pieces in the middle did not count? 

Joan: No. We wanted the question, not the answer. 

Teacher: Has everyone done this? 

Class: Yes. 

Mary: What about the 2 nd and 3rd questions? 

Kate: I did the same, but I counted all the pieces. 

Lois: In these questions we already wanted the result. 
Teacher: And in the 4 th question, why were there errors? 

Kelly: I fooled myself into the calculations. The first one was easy because everything was 
positive. 

Paul: I did not fool myself, but I had to be more attentive to the signs. The first one was that it 
was very easy. 
Emma: At the 2nd, I forgot to multiply a parcel, x and x, and then gave me everything wrong. 

Teacher: Why did not you do the Algebra Titles scheme? 

Iris: Alone, I cannot do it and even more with negative numbers. 

John: I think the scheme works on the computer, but to do it, I still get more confused. I'd rather 
watch out for the numbers signs. 
Teacher: And why cannot they add terms with x, with x² and numbers? 

Amelia: Because they are like different pieces, you can not add up. 

Teacher: Does everyone think so? 
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Class: Yes. 

John: We can only combine the like terms. That's why we have the polynomials. 

(Interview, December 9, 2016) 

We can deduct from the information given by the students' answers that Algebra Titles was essential 
for the success of solving the items of the activity analysed in this work. 

In the next lesson the resolution of the QA activity, the same was given to the students corrected.  

5 CONCLUSIONS 
For an easy manipulation of Algebra Tiles it is necessary to realize its operation well. During this 
teaching experience, it was noted that students easily manipulated this material, which became 
advantageous for the teaching and learning process of polynomial multiplication. 

Using the applet, Algebra Titles, it becomes simple to observe different cases of multiplication of 
polynomials, which allows students to question and walk the path of discovery, making learning more 
meaningful, which is the goal of the new curricular goals for basic education [1]. 

In the multiplication of polynomials, the use of Algebra Tiles allowed students to memorize the 
schemas they obtained for their development. Thus, it was clear in the students that the multiplication 
of x.x = x² and in this way, the use of this material was advantageous, since it caused some students 
to overcome frequent errors such as considering x.x = 2x or to make incorrect addition of terms not 
similar. 

The use of this manipulative material in the applet format motivated the students' learning, in 
agreement with the one mentioned in the NCTM [4] and taking into account the results of this study, it 
can be considered that the use of the applet favoured the relation among the students, as in the work 
of Santos [16]. 

As far as disadvantages are concerned, they were not significant. It was sometimes referred to by the 
students that the pieces were small. As a limitation, Algebra Tiles only allows you to multiply 
polynomials until the second degree. 

Some students when faced with a problem similar to the problems of Algebra Titles and could not use 
the applet, despite using the paper and pencil calculations, had difficulties in solving it, which leads to 
believe that the difficulties also have a provenance in the field of arithmetic. 

It was also found that students liked to use Algebra Tiles and would like to repeat the experiment in 
other classes. The use of manipulatives in applet format can help students understand mathematical 
concepts by visualizing their multiple representations and exploring activities ([18], [20]). 
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