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Abstract 
In engineering, it is permanent the test and application of new resources for the learning of complex 
calculus subjects and their applications to real phenomena [1]. This is due to the great importance of 
topics such as integration in space, vector fields, parameterizations, etc. Mathematics and physics are 
the oldest and most fundamental disciplines for understanding natural phenomena and real-life 
processes, and are the basis of the engineering student's cognitive structure. The main characteristic 
of these topics is the difficulty of visual presentation; this obstacle is crucial because students, in the 
current technological context, have birth and grown acquiring knowledge through an extraordinary 
stream of digital exposure, in a learning process with ubiquitous characteristics [2] [3]. The use of 
computer technologies as a support for the teaching of these subjects, provides a medium for graphic 
representation, that allows the dynamic interaction, being this a familiar environment for the so-called 
"digital learners" [4]. It emphasizes the use of specialized software products, which leads to the need 
to find points of union between basic disciplines and advanced computing [5]. In the framework of an 
investigation carried out in the Department of Basic Sciences of the National Technological University, 
Rosario Regional Faculty, workshops were given with dynamic simulations to students of the 
Mechanical Engineering career. The results showed that to gain an understanding of new concepts, 
students need to consolidate calculus knowledge learned at previous levels of the career. Based on 
these results, a new extracurricular course project is proposed, coordinated in the Chair of Informatics; 
where computational didactic resources are created that generate a guiding thread for the assimilation 
of concepts through interactive and correlated simulations. In these classes, students will be able to 
observe and participate, with simulations that have omnipresent the origin and development of each 
concept, its relationship with the following concepts, and the conclusions in each step towards the 
construction of a specific theme. These simulations are created through the programming and use of 
commands in software of symbolic calculation, where the students participate actively in all the 
sections of development of the subject. The possibility of creating interfaces for the visualization of 
situations that simulate a real context but that is not replicable or realizable in an accessible or 
immediate form, applies the methodology of teaching focused on the resolution of problems, through 
the perception of the structure, observing Connections, capturing symbolic patterns and modelling 
abstractly [6]. Finally, through this form of work students effectively strengthen their computing 
abilities, become familiar with the use of tools for problem solving and algorithm coding. 

Keywords: Correlated interactive simulations, ubiquitous learning, digital learners, integral calculus, 
mathematical algorithms. 

1 INTRODUCTION 
A solid background in basic sciences is fundamental to be able to face the career of engineer. Due to 
their formality and structure, the basic sciences are considered "hard", especially for the new 
generations of students, who arrive at the university with a base of mathematics and physics ever 
thinner. The study of the mathematical laws that describe the real phenomena, is further complicated 
by the lack of familiarity with them, since the students in general have low practice in trades and 
manual arts, environments where they can visualize the real situations more commonly. To overcome 
these difficulties, new techniques and resources are being sought to facilitate the study of these issues 
[1]. The tendency is to achieve the visual representation of the phenomena in virtual environments, 
reducing in a certain way the distance between the real context in which the students live, and the one 
that could provide the direct observation of the same ones. 

In turn, the use of virtual environments is inserted naturally with the environment in which students are 
handled, where digital exposure is daily. In the current technological environment, learning occurs 
through the absorption of concepts outside the educational space, with the massive use of 
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technological tools. This learning, called "ubiquitous" [3] is used by teachers for teaching, but the use 
of technological tools does not guarantee the acquisition of knowledge if it is not conjugated with 
traditional practices and considering the social situation of students [ 2]. Observing these aspects, 
ubiquitous learning really works if the technological tool is a support that allows the student to 
establish knowledge through mediation with their peers, in an exchange that allows the human 
approach and the expression of ideas. In this way the so-called "digital students" [4] are not isolated 
from each other as could happen in distance education. Specialized products, such as symbolic 
calculation software, which allows 3D animation [5], provides a way for the reconstruction of the 
stages that cover the conceptual line of a theme, as is the case of history of how the definition of 
integral calculus was reached. An investigation carried out in the Department of Basic Sciences of the 
National Technological University, Rosario Regional Faculty, resulted that the use of technological 
tools works if the students have consolidated the knowledge of calculation learned in the previous 
levels of the race. To guarantee this, computational didactic resources are created that generate a 
guiding thread of assimilation of concepts through correlated interactive simulations. The idea is the 
recreation of the line of concepts constructed over the years by various authors, culminating with the 
definition of the fundamental concept. This is achieved through interactive correlated simulations. 
Students visualize the simulations in their technological devices prior to the classes, then the 
appreciations are discussed through social networks, and culminates in classes where the concepts 
acquired are discussed, and the formal definition of the subject is discussed. The simulations contain 
omnipresent the origin and development of each concept, its relation to the following concepts, and 
the conclusions in each step towards the construction of each item of a specific theme. Students 
acquire the concepts ubiquitously, and arrive at the formal class of demonstration of the definitions 
with an intuitive base assimilated from what is observed in the simulations. So they understand the 
formal concepts of the subject much more easily. 

2 METHODOLOGY 
The use of the simulations allows to approach the teaching of the subjects applying several proven 
methodologies, combined them provide a powerful method of education. In this case the classes are 
based on: ubiquitous learning, problem solving and case study, debate, formal class diction, practice. 
Classes are structured in stages, each of which uses a methodology in the order specified above. 
Each stage is supported by the previous one, so the order must be respected. The first stage is 
considered primordial, where the student assimilates the central nucleus of the concept in an intuitive 
way. 

The ubiquitous learning is useful to teach and learn in the situations created by new technologies 
arising from a need for communication, the pedagogical strategy involved captures the need for rapid 
communication and access to resources. But the technological resource used, in this case the 
simulation, must be flexible, and programmed in intervals of time that promote personal and group 
interaction. In ubiquitous learning, it is important to decrease content and promote research and 
communication. The use of simulations generates motivation and interest, and facilitates interaction 
between the teacher and the students and each other [3]. To achieve ubiquity, it is necessary that the 
resources used be portable and collectible, so that they can revisit and re-observe as many times as 
necessary [7]. But it is very important that accessibility and portability do not detract from superficial 
content and lack conceptual depth. 

Teaching focused on problem solving and case study both focus on the use of real examples for 
understanding topics. Leaving aside the abstraction in a first part, the analysis begins in the 
observation of a specific problem, and the detection of key points to try to solve it. This analysis is 
enriched by a debate among the actors who observe the problem. It is very important to establish a 
flow of communication, which allows the real exchange of opinions, so the teacher should leave 
students to express freely. After arriving at the general conclusions of the subject, the professor 
proceeds to the formalization of the these, exposing in that moment the disciplinary writing. At this 
point, the inherent knowledge acquired intuitively in the previous stages facilitates the abstraction and 
formalization of the subject. Finally, once the formal description is understood, it is proceeded to do 
the practice. 

3 SIMULATION CONSTRUCTION 
The simulations must be constructed to facilitate the first stages, and using the set of methodologies 
selected for the classes, must comply with the most important premise, accessibility. The interactive 
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simulation must be mobile, omnipresent, available all time, with widespread social reach. In addition, 
to adapt to actual multimedia structure must be agile, short-lived, attractive, high-level technology. It 
should allow interaction with others, generating opinions, debate through networks. With this type of 
simulations, it is guaranteed the construction of appreciations of concepts outside the educational 
institution, and the definitions are enriched with the contribution of several approaches. 

But also, ubiquitous learning can generate isolation, and although the exchange of opinions in 
networks is useful, it is not enough, and needs to be reinforced in a direct interaction between teacher 
and student. In the stage of debate between parts in a physical space such as the classroom, the 
simulation must show a specific problem in a clear way, reflecting the real context in the most realistic 
way possible. It should also encourage brainstorming, to create the enrichment of intuitively acquired 
concepts. 

Following are examples of some simulations created for the learning of Integral Calculus. These are 
constructed in a correlative way to the historical line: from the problem of calculating the area of a 
section, visiting the different approaches of different authors, collecting one by one the concepts that 
led to obtaining the current definition of integral calculus. The research was conducted through several 
authors of texts on the history of mathematics, the original mathematical books, and inspirations of 
contributions published on the internet [8] [9] [10]. 

3.1 Integral Calculus History 

3.1.1 Firsts traces of calculus 
Calculus is a collection of concepts and methods that humanity has been trying to master for more 
than twenty centuries, where many mathematicians and physicists worked with different methods to 
obtain answers to problems of areas, movements, reasons for change, etc. The integral calculus 
begins in ancient Egypt, circa 1800 a. C., with the papyrus of Moscow, where show a formula to 
calculate the volume of a pyramidal trunk. Among the problems described with words (without 
equations) are also problems of distribution of supplies and things. The method of partitioning in 
known areas to obtain an unknown area is most used, although some results had errors. 

The first documented technique for determining areas by addition of parts is method of exhaustion 
(circa 370 BC) performed by Eudoxus of Cnidus, which sought to find areas and volumes by dividing 
them into an infinite number of forms for which they were known its area or the volume. This method 
was created to show that the volume of a pyramid is the third part of that of a prism, of its same base 
and height; and that the volume of a cone is the third part of that of a cylinder of its same base and 
height, theorems already intuited by Democritus. This method was developed and used later by 
Archimedes, who used it to calculate areas of parabolas and an approximation to the area of the 
circle. The demonstration for obtaining the area of a parabola consists of making an exhaustive 
decomposition of the parabolic segment by triangles. Figure 1 show page with explanation of 
Archimedes method [9]. 

The use of this method to inscribing regular polygons on circumference of a unitary radius, is the 
precursor of the Riemann Sum concept that allows to define with rigor the integral of a function in an 
interval. Similar methods were also developed in China around the 3rd century to find the circle area, 
used by Liu Hui. Zu Chongzhi used this method to find the volume of a sphere. In the 12th century, a 
book of astronomy with title “Siddhanta Shiromani”, of the mathematician Indian Bhaskara II, show 
some appreciations of integral calculus. 

The simulation show the most important Contributions brought by the Egyptian, Babylonian and 
Chinese cultures.  It continues with the exhaustive method of Eudoxus of Cnidus, and its use by 
Archimedes for the calculation of the area under the parabola. Each step highlights the progress that 
contributes to the mathematical thinking of the subject and exposes the student the path of reasoning 
necessary for the understanding of it. Figure 2 is a capture of the Simulation. 
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Figure 1: Archimedis Opera Omnia de J.L. Heiberg [12]. 

  
Figure 2: Simulation “Initial ideas of Calculus.” 

3.1.2 Advances in the 16th and 17th centuries 
No progress is seen until the 16th century. At that time, on the one hand, with the work of Cavalieri 
with his method of indivisibles and, on the other hand, with the works of Fermat, began to develop the 
foundations of modern calculation.  In the “Discorsi e dimostrazioni matematiche, intorno à due nuove 
scienze”, Galileo conceives the areas in a similar form with Kepler, in dealing with the problem of 
uniformly accelerated motion, presented a reasoning to show that the area enclosed under the time-
velocity curve is the distance. Suppose an object moving with variable velocity v = 32t, represented by 
the straight line of Figure 3, then the distance traveled at time OA is the area OAB. Galileo came to this 
conclusion by considering, for example, A'B 'as a typical velocity in an instant and also as the 
infinitesimal distance traveled (as it would be if multiplied by a very small time element), and then 
reasoning that the area OAB, which is constructed with lines A'B ', must, therefore, be the total 
distance. Since AB is 32t and OA is t, the area OAB is 16t2. The reasoning is, of course, unclear. 
Galileo considered the OAB area as constructed with an infinite number of indivisible units as A'B '. 

 
 Figure 3. Figure 4. 
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Bonaventura Cavalieri (1598-1647), developed the ideas of Galileo on the indivisibles by geometric 
method. It considers an area as constituted by an indefinite number of parallel and equidistant lines 
and a volume as composed of an indefinite number of parallel planar areas; These elements are 
called indivisibles of area and volume, respectively. Cavalieri is aware that the number of indivisibles 
that constitute an area or a volume must be infinitely large, but it does not try to delve into that. 

The method or principle of Cavalieri can be illustrated by the following proposition. To prove that the 
parallelogram ABCD in Figure 4 has double area than any of the triangles ABD or BCD, he notes that 
when GD = BE, we have GH = FE. Therefore, the triangles ABD and BCD are constituted by equal 
number of equal lines, Such as GH and EF, and therefore they must have equal areas. 

 
Figure 5: Geometria Indivisibilibus of B. Cavalieri [13]. 

Cavalieri's theorem affirm that if two solids have equal height and if the sections in planes parallel to 
the bases and at the same distance from them are always in a given ratio, the volumes of the two 
solids are also in that ratio. Using this principle, Cavalieri demonstrated that the volume of a cone is 
1/3 of the volume of the circumscribed cylinder. Figure 5 show a page of a Geometría Indivisibilibus 
Book II of B. Cavalieri. However, his method was entirely geometric. He managed to get correct 
results because he applied his principle to calculate areas and volumes in which the ratio of the 
indivisibles constituting the respective areas and volumes was constant. 

Cavalieri's theory of indivisibles was criticized by his contemporaries. Despite criticism of the method; 
Fermat, Pascal and Roberval used it, but considered the area as a sum of infinite small rectangles 
instead of a sum of lines. In 1634, Roberval, essentially used the method of indivisibles to obtain the 
area enclosed under a cycloid arc. Roberval is sometimes credited with the independent discovery of 
the method of indivisibles, but in reality he believed in the infinite divisiveness of lines, surfaces, and 
volumes, so that there would be no ultimate parts. He called his method the "method of infinity." The 
most important new method for calculating areas, volumes and other quantities began with 
modifications of the Greek exhaustive method. Consider a typical example. Suppose we want to 
calculate the area under the parabola y = x2 from x = 0 to x = B in Figure 6.  

 
Figure 6. 
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While the exhaustive method used different types of rectilinear approximate figures, depending on the 
curvilinear area in question, some adopted a systematic procedure using rectangles. As the width d of 
these rectangles becomes smaller, the sum of the areas of the rectangles approaches the area 
enclosed under the curve. This sum, if the bases are all of width d, and if we use the characteristic 
property of the parabola that the ordinate is the square of the abscissa, it is 

!  .    !2 + !(2!)2 + !(3!)2 + ⋯+ !(*!)2          (1)                          ,                          !3  (1   + 22 +  32 +  …  +  *2)	  
 

Now, the sum of the m-th powers of the first n natural numbers had been obtained by Pascal and 
Fermat; So, the mathematicians could easily replace the last expression by 
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If we consider, as they did, that the last two terms can be neglected when n is infinite, we get the 
correct result. The process of crossing to the limit had not yet been introduced and therefore despising 
such terms was not justified. We see that the method requires approximation of the curvilinear figure 
using straight lines, as in the exhaustive method. However, there is a vital change in the last step: 
instead of the indirect demonstration used in the previous method, here the number of rectangles 
becomes infinite and the limit of (3) is taken when it becomes infinity, although to think in terms of 
Limit was not at all explicit at that time. 

Little simulation "Completing areas with lines" in Figure 7, shows how the symmetric equal areas of 
triangles formed at the ends of a parallelogram are completed, to start a debate about covering an 
area with lines, imitating the method of indivisibles. 

 
Figure 7: Simulation “Completing areas with lines.” 

At the beginning of the 17th century, new developments were produced with the contributions of 
Barrow and Torricelli, who presented the first signs of a connection between integration and 
derivation. Only in the seventeenth century did the scientific and mathematical maturity that allowed to 
define the Calculus as it is known today. The works on obtaining areas, volumes, centers of gravity 
and lengths of curves begin with Kepler. For example, the area of a circle is, for him, the area of an 
infinite number of triangles, each with a vertex in the center and a base on the circumference [14], as 
seen in Figure 8. The identification of curvilinear areas and volumes with the sum of an infinite number 
of infinitesimal elements is the essence of Kepler's method. That the circle could be regarded as the 
sum of an infinite number of triangles was justified, for him, by the principle of continuity. By the same 
token, a line and an infinitesimal area were really the same; And indeed considered in some problems, 
an area as a sum of lines. From the formula of the area of a regular polygon inscribed on a 
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circumference, half of the perimeter by the apotheosis, it obtained the area of the circle. In an 
analogous way, he considered the volume of a sphere as the sum of the volumes of small cones 
whose vertices are in the center of the sphere and whose bases are on the surface of the sphere. 
Thus he showed that the volume of the sphere is a third of the radius by the surface. He considered 
the cone as a sum of very narrow circular discs and was thus able to calculate its volume. 

 
Figure 8:  Original draw of a circle area by Kepler.  

Figure 9 show simulations that allow the students to choose the number of triangles and observe how 
with the increase of triangles, the result polygon is closer to cover all the circle area. No formal writing 
is explained at that time of interpretation. Simulations are programmed in Mathematica 10.2 [15]. 

  
Figure 9: Simulations to understanding the Kepler’s method. 

3.1.3 Formal Definition of Integral Calculus  
An immense amount of knowledge had accumulated over the calculation. In the seventeenth century 
the analysis and creation of integral calculus is the top work of the German philosopher-mathematician 
Gottfried Wilhelm Leibniz and the English physicist-mathematician Issac Newton. Both worked almost 
simultaneously with different approaches. Newton's works are motivated by his own physical 
investigations, so he sees variables as "flowing quantities," while Leibniz treats the derivative as an 
incremental quotient, not as a velocity. Leibniz does not speak of a derivative but of infinitely small 
increments, which he calls differential. An infinitely small x increment is called the differential of x, and 
it is written dx. The same is true for and with notation dy. What Newton called fluxion, for Leibniz was a 
quotient of differentials dy/dx. It is not difficult to imagine that, in not possessing a clear concept of limit 
and even of function in those times, the foundations of its infinitesimal calculation are little rigorous. It 
can be said that Newton's calculation of fluxions is based on some unconvincing algebraic 
demonstrations, and Leibniz's differentials are presented as strange entities which, although defined, 
do not behave as increments. This lack of rigor, far removed from the perfectionist character of the 
Greek era, was very usual in the post-Renaissance era and strongly criticized. More author aported 
important progress, Gauss, one of the most important mathematicians in history, gave an adequate 
explanation of the concept of complex number; These numbers formed a new and complete field of 
analysis, developed in the works of Cauchy, Weierstrass and the German mathematician Riemann, 
with the definition of the famous Rieman’s Sum. Another important advance was the study of the 
infinite sums of expressions with trigonometric functions, tools very useful in both pure and applied 
mathematics, made by Fourier. Two centuries passed until the deprivations in the foundations of 
infinitesimal calculus were solved, and today that potentially enriched calculation is shown to be one of 
the most profound findings of human reasoning. 
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Figures 10,11 and 12 show the simulations of the differential triangle, the partition of the area under 
the curve into infinite rectangles, also present small animated simulations for play purposes and 
promotion of classes. All simulations propose student participation, which can interact with the 
dynamic elements of the interface. The elements are created to support the understanding of 
definition. The interface it’s not overloaded so as not to distract the student from the subject itself. 

 
Figure 10:  The differential triangle. 

 
Figure 11:  Simulation of Sum of Rectangles areas. 

  
Figure 12:  Auto animated simulations of covering the area under the curve 

3.1.4 Simulations for more complex themes 
After the presentation of the Integral Calculus, other special classes are promoted for the related 
topics. Simulations were created for the observation of different practice problems. There are also 
simulations for surface, volume and line integrals, which have the attraction of being in 3D. Figure 13 
shows screenshots of some simulations of the Riemann addition in the space for Line Integral and 
quadric surface. 
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Figure 13: 3D Simulations: Line Integral – Quadric Surface. 

4 RESULTS 
Classes were given as a beta test for 35 second year students of Mechanical Engineering. The 
students had already attended common classes in the subject, and they agreed to participate in the 
test because of the difficulties they had in understanding the concepts. The class was given in 
extracurricular hours, however attendance was complete. The students responded positively to the 
use of simulations to explain the topic. Having a multimedia material encouraged them to participate 
with enthusiasm and joy. About the initial stage of capturing the idea through ubiquitous language, the 
reception was uneven in groups of students, some did not find the game "important" with animations 
and simulations, and others did not participate directly. Even so, they attended the following stages. 
The debate was heated and somewhat chaotic, due to the attitudinal characteristics of the university 
students of the Regional. It highlights the great participation in the debate, and the interest shown by 
the students in finding definitions over all discussion. At the time of formalization of the class, the 
students had clear several fundamental concepts for the understanding of the subject. Because they 
had already attended formal classes, it was not difficult for them to understand terminology and 
mathematical writing. When the practice simulations were presented, the students already had training 
in the structure of the classes, they had incorporated the stages with ease, and hoped to have 
available multimedia material in the next classes. 

A small survey was conducted at the end of the class, to determine the possibility of incorporating 
simulations and to create a library of mathematical material to facilitate the understanding of complex 
mathematical subjects, even if the structure of the classes did not change in the institution. Students 
could use material to support classes in other spaces outside the classroom. The responses are 
shown in Table 1. 

Table 1.  Survey: “Creation of mathematical simulations library.” 

Creating the Simulation Library Yes Can be I don’t 
know No 

If it will create would you use the library? 6 17 9 3 

If you use it, do you think it would help your learning? 18 5 10 2 

Does this contribution matter to you? 5 7 23 - 

Are the simulations interesting? 14 11 5 5 

Did the class with simulations and debate served to you? 10 15 4 6 

Are the simulations clear? 7 18 6 4 

Would you participate again in a class of this type? 8 21 1 5 

5 CONCLUSIONS 
The immediate conclusion that can be drawn from the analysis of the results is that the use of 
simulations to incite the ubiquitous learning shook the students. Only a few students were indifferent to 
the use of these technological resources. The realization of the simulations is a work that takes a lot of 
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time and dedication, and the number of topics in which to apply them, only seeing the mathematical 
subjects, is very high. The presentation of the topics is very interesting and generally arouses the 
interest of the students, who are accustomed to observing this type of visual manifestations, as well as 
the teachers, who can use the resources without having to learn how to program them. The Internet is 
full of animations of all kinds, and there are pages that specialize in collecting specific learning videos. 
However, there are not many videos or animations of important points of many mathematical subjects. 
In addition, like any computer resource, you can always do a version with a different approach and 
contribute a grain of sand to the construction of knowledge. 

Most important of all is the creation of these resources for the use of the entire global community, so 
the library of technological material is designed to be freely accessible to all interested in cultivating 
more knowledge, and transmit it in the best possible ways. 
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