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Abstract  
Fractions are among the most complex mathematical concepts that children encounter in their years in 
primary education. One of the resources of misunderstanding to fractions may be the fact that the 
fractions can be interpreted in different ways – as a ratio, an operator, a quotient, a measure and a 
part-whole subconstruct. In our research we have analyzed students’ solutions of the tasks in special 
fraction test developed by Cypriot researches Marilena Pantziara and George Philippou which is 
connected to Sfards´ theory of reification. Our research sample consist of 113 first year Bachelor 
students of Teacher Training for Preschool and Elementary Education (PEE students) and 49 first 
year Master students of Teacher Training for Primary Education (PE students) at Constantine the 
Philosopher University in Nitra. We have expected that the all of students had fractions in the same 
extent in their primary schools. But these students were taking part at different high schools so the 
time allowance of mathematics and the curriculum of mathematics could be different. We have 
identified the main misconceptions of subconstructs of fractions and analyzed the reason. The fraction 
as a part of whole and the fraction as a measure were in the center of our attention. In Kieren’s 
theoretical model of the fraction concept the part–whole subconstruct is considered fundamental for 
developing understanding of the other four subconstructs. In this model, the measurement 
subconstruct is considered necessary for developing proficiency in additive operations on fractions 
(Charalambous & Pitta-Pantazi, 2007). Our findings are presented in the paper. 
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1 INTRODUCTION  
Fractions are among the most complex mathematical concepts that children encounter in their years in 
primary education ([1], [2]). Evidence is in many publications and studies in this area ([3], [4], [5], [6], 
[7], [8], [9], [10]). It has also been asserted that learning fractions is probably one of the most serious 
obstacles to the mathematical maturation of children [11]. According to [12] including problems similar 
to the Frame Problem into mathematics teaching practice is necessary to properly form the concept of 
fractions in a student’s mind. Past and current research point out many students’ errors which reveal 
lack of understanding of different aspects of fractions. Kieren was the first to question that fractions 
comprise a single concept and recommend that fractions be conceptualized as a set of the following 
interrelated constructs: ratio, operator, quotient, and measure [13]. According to his initial 
conceptualization, the part-whole personality of fractions permeated the aforementioned four 
subconstructs. That is why he avoided identifying the part-whole as a fifth subconstruct [1]. These five 
part-whole relationships, ratios, quotients, measures and operators are not mathematically or 
psychologically independent.  

Pupils acquire new mathematical ideas procedurally or conceptually ([14], [15]). Procedural knowledge 
refers to processes, algorithms and actions, or to processes of actions. Conceptual knowledge is 
defined as the knowledge loaded in relationships ([16], [17]).  Sfard described conceptual knowledge 
as structural conception that treats a mathematical notion as an abstract object, as a static structure 
[7]. According to Sfard, a mathematical concept is usually defined conceptually and procedurally (for 
instance: in definition of rational numbers procedurally we speak about rational number as the result of 
division of integers; in definition of rational numbers conceptually we speak about pair of integers, 
a member of a specially defined set of pairs. These two different ways of concept formation influencing 
mathematical knowledge of pupils. The framework of Sfard differs from the others in a major way: 
even though she recognized the ontological gap between operational and structural conceptualization, 
she underlined the complementary nature of the two faces of learning, supporting the dual nature of 
mathematical constructs. She proposed a model of process of concept formation, she distinguished 
three hierarchical stages, which correspond to three degrees of structuralization. These stages were 
named: an interiorization, condensation and reification. At the condensation stage, the learner 
becomes capable of thinking about a complicated process as a condensed whole, without feeling an 
urge to go into details. During this stage, the learner gradually becomes capable of compressing 
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lengthy sequences of operations into more manageable elements in a form that it is easier for him/her 
to use and think; he or she deals with alternative forms and representations of the concept, combines 
processes, and makes comparisons and generalizations. Finally, at the reification stage, the learner 
becomes able to conceive of a concept as a “fully-fledged object”; the various representations of the 
concept are integrated in the learner’s reified construct so that the construct no longer depends upon 
any process. The learner perceives the construct by understanding the conceptual category in which it 
belongs and its main properties and he/she notices relations between its representatives. The reified 
concept can be used as an input in higher-order processes, while new mathematical objects can be 
constructed out of the present one [16]. 

2 METHODOLOGY AND ANALYSIS 
The fraction test which is connected to Sfards´ theory of reification was designed by Cypriot 
researches Marilena Pantziara and George Philippou [7]. The test consists of 21 tasks in seven 
groups which are numbered 1,2,3,4,5,6,7 and in three columns named A, B, C which represent each 
level of Sfards´ theory of reification (e.g. task B2 represents part-whole subconstruct of fractions in 
condensation level of fractions´ understanding).  In another part of our research we verified this test by 
relevant statistical tools (2PL model of Item Response Theory, Cluster analysis) in Slovak conditions. 
The research sample consisted of 113 first year Bachelor students of Teacher Training for Preschool 
and Elementary Education (PEE students) and 49 first year Master students of Teacher Training for 
Primary Education (PE students) at Constantine the Philosopher University in Nitra. We have 
expected that the all of students had fractions in the same extent in their primary schools. But these 
students were taking part at different high schools so the time allowance of mathematics and the 
curriculum of mathematics could be different. 

For the purpose of this paper the qualitative analysis of the students´ solutions was chosen. We have 
identified the main misconceptions of subconstructs of fractions and analysed the reason. The fraction 
as a part of whole and the fraction as a measure were in the centre of our attention. 

2.1  Identifying fraction from its area model 
The notion of fraction is frequently introduced via the part–whole subconstruct, which requires an 
ability to partition a continuous quantity or a set of discrete objects into equal sized parts or subsets 
[18]. Students have to recognize when an area or a set of models are divided in parts of equal size or 
not, and they have to be able to construct a fraction when a whole is given and to conceive a whole 
when a fraction is given. Students should realize that the relationship between the parts and the whole 
is conserved, regardless of the size, shape and arrangement of the equivalent parts and that the more 
parts the whole is divided into, the smaller the produced parts become. Students are also expected to 
repartition the whole and reconstruct the unit [19]. 

Task B1 in the test reflects characteristics of the condensation stage because students might combine 
different processes to reunite the whole [20]. 

The following misconceptions were found: 

• The student did not recognize different units. Did not be aware a fact that the whole - area is not 
divided into equal units and he/she concentrated only on the number of units. This leaded to 
incorrect results as are in the Fig.1.  

B1 task: Write in fraction the shaded part in each shape 

   
 Figure 1. Student´s solution 1. Figure 2. Student´s solution 2.    

• The student incorrectly determined the whole that he/she should write the fraction. And thus 
he/she expressed subdivisions of a part of area as we can see in the Fig.2.  
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• The student expressed some procedure which leaded to incorrect solution. According to Fig. 3 
we can analyze, that student wrote number 4 in fraction as result of dividing area to four parts 
and shaded part in shape means in a) half of quarter and in b) eighth of quarter. The incorrect 
eight is result of adding four parts of square in first dividing and four parts of smaller square in 
second dividing. Student was not able to express part of whole in fraction form correctly, when 
the numerator designates number of equal parts and the denominator tells how many of those 
parts make up a whole.  

• The student, as in the previous case, thought procedurally and incorrectly identified the whole 
(Fig.4). He/she expressed in fraction form that there are four smaller squares and in a) half and 
in b) quarter of this smaller square. He/she used composed number for writing solution.  

    
 Figure 3. Student´s solution 3  Figure 4. Student´s solution 4    

2.2 Locating a fraction on a number line 
In mathematician's conception of (real)number, number line is an important element. If Part-to-Whole 
subconstruct is the fundament of the rational number construct, then ability to locate a fraction on a 
number-line could be regarded as an indication (although not a guarantee) of confluence of several 
subconstructs [20].In the measure subconstruct, a fraction is associated with two closely interrelated 
and interdependent notions. First, it is considered a number, which conveys the quantitative 
personality of fractions, viz., how big the fraction is. Secondly, it is associated with the measure 
assigned to some interval. More specifically, a unit fraction is defined (i.e., 1/a) and used repeatedly to 
determine a distance from a preset starting point ([10], [21]).To develop the measure personality of 
fractions students should also be able to use a given unit interval to measure any distance from the 
origin (e.g., zero). This means that students should be capable of locating a number on a number line 
and, conversely, be able to identify a number represented by a certain point on the number line ([22], 
[23]). In spite of the fact that the number line has been acknowledged as a suitable representational 
tool for assessing the extent to which students have developed the measure interpretation of fractions 
and for teaching the additive operations of fractions [1]. 

Task A4 in the test was designed to assess students’ understanding of the measure subconstruct. 
This task evaluates characteristics of the interiorization stage, “a process has been carried out through 
mental representation” and number line representations are representations of mental objects 
corresponding to mental operations [23]. 

The following mistakes were identified: 

A4 task: Place the fraction 3/5 on the number line. 

     
 Figure 5. Student´s solution 5.  Figure 6. Student´s solution 6.    

• The student did not identified units on a number line, did not be aware that interval from 0 to 1 is 
divided into five equivalent parts. He/she put the fraction 3/5 by his/her own estimate (Fig.5). 
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• The student placed the fraction not as one point on the number line, but as a line segment 
(Fig.6). It means, student solve the task as a part-whole subconstruct of fraction in ordinal view 
– third a fifth on the line - not as a measure subconstruct.  

• The student wrote the fraction as a decimal number, but not correct (Fig.7). He/she did not 
know algorithm between fractions and decimals or did not understand part-whole subconstruct 
which is wrtitten in fraction form. Place on the number line was also incorrect, student did not 
have  correctly designet concepts about more subconstructs of ractions. 

 
Figure 7. Student´s solution 7. 

• The student made the correct expression of  fraction as a decimal number, but its location on a 
number line was no correct. As we can see in the Fig.8, student put 0.6 after the first point, that 
looks like a work with the ruler where 0.6 is after 0.5. Similar misconception appeared in the 
solution in Fig. 9 a, but this student located 0.5 in the middle of interval from 0 to 1 and 0.6 put 
after it. Both students ignored dividing of a number line.  

     
 Figure 8. Student´s solution 8. Figure 9. Student´s solution 9.  

2.3 Identifying a fraction from its geometrical model and locating it on a 
number line 

Task B4 was created for the study and assesses students’ ability to combine various processes and to 
alternate between different representations, a characteristic of the condensation stage ([7], [16]).   

The following misconceptions appeared: 

• The student identified not correctly 1/3 in a square (Fig. 10) that expressed his/her 
misunderstanding of part-whole subconstruct and ratio subconstruct. His/her solution was result 
of thinking, that there are one white and three shaded smaller squares in the shape. Locating 1/3 
on a number line is also incorrect. He /she put one third after one half according to the order of 
natural numbers (after number 2 is number 3) and ignored the meaning of denominator in a 
fraction.  

B4 task: Place the fraction that represents the shaded part of the shape on the number line 

  
 Figure 10. Student´s solution 10. Figure 11. Student´s solution 11. 

• Similar misconception we can observe in the Fig. 11. Student also identified 1/3 and located this 
fraction before one half on the number line. He/she was aware that third is less than half and 
locating in the middle of distance between 0 and ½ expresses an effort to divide the whole on 
equivalent parts, but again not correct.   
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• The student identified 3/4 correctly, but in a locating on a number line appeared 
misunderstanding of dividing units. He/she used equivalence of fractions 1/2  and 2/4 and put 3/4 
incorretly  right behind  2/4 that was according to the division of unit incorrect (fig.12). 

• Similarly in solution in the Fig.13 is fraction identified correctly, but in locating on a number line 
we can see misuderstanding as in the Fig. 8 and Fig. 9, where students ignored given division 
of number line. He/she tried to put 3/4  in the middle of distance between ½ and 1 what 
expressed good conception but out of a number line units.  

  
 Figure 12. Student´s solution 12.  Figure 13. Student´s solution 13.  

• The student identified fraction correctly, but prefered work with decimal numbers. There are 
similar mistake in locating number 0.75 on a number line as in solution 13. But we can see 
different approach in this case, because student worked as with a ruller  and tried to put 0.75 in 
the midle of unit segment which is two units after 0.5. He /she did not considered dividing a 
number line into eight equal parts.  

 
Figure 14. Student´s solution 14.                         

2.4 Identifying number on a number line 
Students can achieve success in task C4, which is on the reification stage, if they can conceive the 
concept of fraction as an object, a static structure and detach it from any process, while at the same 
time they are expected to have a sense of equivalence, of density, of order, and relative magnitudes of 
fractions [22]. The following mistakes were found: 

• The student wrote a fraction 1/2 as a decimal number 0.5 and according the ordering of decimal 
numbers he /she identified in the box number 0.3 (Fig.15).  He/she ignored zero on a number 
line and was oriented only according to 0.5. The unite length was incorrectly determined 0.1, he 
/she worked from right to the left.  

• The student did not take into account division (units) of a number line and a numbers which 
were given on it. He/she started work in zero and continued as on the ruler from left to the right 
with unit length one tenth (Fig.16).   

C4 task: Write the correct number in the box below.  

   
 Figure 15. Student´s solution 15.  Figure 16. Student´s solution 16.  
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• In the solutions of students 17 and 18 we can see some sequence of divisions in the steps: one 
half – quarter – eighth, with ignoring zero and division of a number line. The solution 1/8 is in a 
Fig. 18 written in decimal form 0.125. He /she did not be aware, that interval between 0 and ½ is 
divided into the three units. We can see misconception in part-whole subconstruct again. 

   
 Figure 17. Student´s solution 17. Figure 18. Student´s solution 18. 

3 RESULTS  
According to the previous analysis of a student solutions and founded misconceptions can be 
confirmed still persistent problems with understanding fractions at an informal level. When working 
with fractions, the most significant misconceptions have occurred in these areas: 

− identifying part of a whole in geometric model of fraction; 
− identifying an equivalent parts of a whole; 
− expressing a part of a whole in fraction form; 
− writing fraction in a form: nominator, denominator, bar between them; 
− the meaning of a nominator and a denominator in part-whole understanding;  
− relation between fraction and its expression as a decimal number; 
− locating number on a number line; 
− arranging and comparing fractions, tendency to use the natural order of natural numbers; 
− identifying unit and dividing of a number line. 

These misconceptions can be based on a specific meaning of fractions in comparing with natural 
numbers, which are more familiar to students. Specific misunderstandings of fractions and rational 
numbers can have also these reasons: 

1 Natural number is defined as a cardinal number of non- empty set. It gives answer to the 
question “How much?”. The meaning of fraction is not clear, it can means part of whole, ratio, 
operator, quotient, and measure. 

2 Writing of natural number is clear, each number has its own sign. Writing of fraction includes 
two integers and a bar between them, there are a lot of different writings which are equivalent 
and belongs to the one basic fraction. 

3 Equality of natural numbers is exact, a cardinal number of all sets with the same number of 
elements is the same and written in same sign. Equivalents between fractions is not so exact. 
There are infinitely many equivalent fractions expressing the same part of the whole, but with 
various notations.  

4 The order of natural numbers is precisely defined, every natural number has a successor 
(Peano axioms) and there is no natural number between two consecutive numbers. The 
ordering of fractions has no bases in the natural ordering of numbers, there is no unambiguous 
predecessor nor follower of a rational number, between two rational numbers there are infinitely 
many rational numbers. 

5 Additive number operations (adding and subtracting) with natural numbers are based on their 
natural ordering, we can add any natural numbers (cardinal or ordinal). Adding and subtracting 
of fractions has no support in the natural ordering of numbers, we can directly calculate only a 
fractions with the same denominator. 

6 When doing multiplicative operations with natural numbers, the number is incrementally 
increasing (multiplying) or decreasing (division).  When doing multiplicative operations with 
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fractions, the number can increase or decrease depending on nominator and denominator (if 
the fraction is larger or smaller than 1). 

4 CONCLUSIONS 
Problems with understanding of fraction and its subconstructs is related also to education of 
mathematics and used educational principles and methods specific in the individual country. There is 
not sufficient attention paid to development of fraction conceptions from early years of school 
education in the Slovakia. Teaching-learning process is focused on procedures and algorithms more 
than modeling and deep understanding relations in parts - whole subconstruct. Observed 
misconceptions reflect a formal knowledge of students and it point to the need to pay more attention to 
this area of mathematical education. Very important is the motivation of pupils and to offer them an 
appropriate learning environment. Interesting results were gained in the research of Klimentová, 
Smiešková [24]. They wanted to re-educate preferred procedural fluency fractions and to improve 
conceptual understanding of fractions in a group of students at High school of Visual arts – they were 
artists and it is very hard to motivate students like this. Because of this purpose they have chosen as a 
tool of motivation ornaments when solving task with fraction. The ornaments were the tool of 
motivation for a students and many students had a success in mathematics and solved correctly 
tasks, better than before. There appear some relations between students´ achievement in solving task 
with fraction and psycho-didactical variable Personal Need for Structure [6]. The results of a research 
showed that tasks about fractions signify an unstructured environment for pupils with high level of 
Personal Need for Structure. It implies that fractions can create an unstructured environment for them, 
what can generate a stress situation. We can conclude that there are still open tasks and ways how to 
choose the best approach when teaching and learning a fraction. We can continue in observation 
psychology and mathematics relations in educational process.   
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