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Abstract 
When modeling economic and financial phenomena, we need to analyze how these phenomena work 
throughout the time. This analysis can be performed using a discrete perception of time or, on the 
contrary, time can be considered as continuous. In the last case (a dynamic viewpoint), Integral 
Calculus is one of the essential notions and tools to study economic and financial phenomena. 

Students enrolling for university degrees in Economics or Business Administration are not accustomed 
to deal with continuous functions to model phenomena, much less to apply derivatives or integrals to 
analyze them. 

As integration is one of the basic operations to get information from continuous functions, students in 
Business or Economics need to develop their skills related to integration of basic functions. This paper 
analyzes which deficiencies and difficulties can be observed in our students when taking the usual 
contents on Integral Calculus in a course of Mathematics for Business or Economics. 

With respect to the way in which we have dealt with our students' trouble about Integral Calculus, we 
suggested the use of visualization and software of dynamic geometry in order to reduce the formalism 
and symbolism of concepts and procedures. Indeed, we include some example of this approach in our 
teaching experience, suggesting how to use this proposal.  

As conclusion, we advocate that pre-requisites about Integral Calculus for students coming from 
Upper Secondary Education are insufficient to face the topics about integrals and its application even 
when students have previously work with integrals due to they have not worked integrals conceptually 
or contextually, but only automated how to apply integration methods based on a taxonomy of 
benchmark problems to pass the university entrance exam. At this respect, we suggest the need of 
introducing and explaining integrals avoiding the critical trouble involving the symbolism and formalism 
usually involved in University Mathematics courses; that is, putting the emphasis on the visualization 
of concepts and procedures instead of the mere computation. 

Keywords: Integral Calculus, mathematical skills, 1st-year students, Faculty of Business. 

1 INTRODUCTION 
Integral Calculus, for both one and several variables, ends up being one of the key parts for any 
Mathematics course in a bachelor requiring the analysis of phenomena that depend on time or any 
other explanatory factors. Both Economics and Management Science are disciplines that study this  
type of phenomena. Hence, functional models are required to analyze and deal with the behavior of a 
given phenomenon in future (in the short and the long run). 

In Macroeconomics, partial differential equations are usually needed to represent the behavior of 
phenomena in terms of time or other factors; as for example, the evolution of income and wealth 
distribution since the information about these object per se is unknown, but this is not so for the 
relation of these objects with those factors being used to define the model. See Achdou et al. (2014) 
for some examples being similar to these. Regarding Microeconomics, there exist some topics that 
may be modeled by means of differential equations as posed by Tsirlin and Amelkin (2010), Beissner 
(2013) or Marques (2014). 

However, the use of models based on partial differential equations (even when students only have to 
recognize the mathematical model that they are using and its meaning) requires the previous, 
appropriate understanding and knowledge of the meaning of (both definite and indefinite) integrals and 
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its application to many different contexts. Precisely, analyzing the properties and applications of 
integrals is one of the main subjects for those courses including Integral Calculus in their syllabuses. 
Hence, it is highly advisable that Economics and Business Administration majors have acquired a 
minimum of skills (along with the corresponding knowledge) about the use and application of definite 
and indefinite integrals. 

2 OUR STUDENTS’ PROBLEMS 
Most of university academic staff members giving lectures related to Integral Calculus for the first year 
in degrees assigned to the Faculty of Business from Pablo de Olavide University, considers that 
students have a remarkable amount of drawbacks and deficiencies on both basic knowledge and skills 
about Mathematics, which should be previously acquired in order to face appropriately the study and 
assimilation of notions and procedures related to Integral Calculus and its applications to economics. 
At this respect, the problems regarding the notion of integration from students’ viewpoint are 
significant. 

Turégano (1997) suggested that “problems on integral calculus are not dealt in Secondary Education, 
but in University; however, Secondary Education is responsible for spreading the seed of the notion of 
integral”. In addition, we agree this author’s speech about the need of avoiding the pure 
algorithmization of Calculus, but not dealing with its conceptual backgrounds. In our opinion, this 
proposal provides that our students’ learning process is merely reduced to a repetition-based 
automation but not understanding and assimilating which procedures we are using as well as when 
and why we are performing a series of computations and applying some formal procedures; although 
the knowledge of the notions and procedures may be intuitive and avoiding any kind of formalism. 
Regarding this, Turégano (1997) asserted that this approach is partially one of the reasons leading to 
university students’ failure when facing Calculus courses, since students have not been trained for 
recognizing if the problem requires of applying integrals or differential equations if this is not explicitly 
presented. In this way, our students cannot decide by themselves when solving a problem requires the 
computation or application of integrals or derivatives to deal with the economic phenomenon or 
concept that they are analyzing (as, for example, considering the variation of an economic variable 
throughout the time or the accumulation of this variable along a particular time interval). At present, 
most of students need that the problem explicitly states the requirement of computing integrals and 
derivatives; and even more, the indication of which integral or derivative must be computed.  

Note that students’ mistakes and errors when applying the notions and procedures explained during a 
Mathematics course are reflecting the difficulties and obstructions that students face when learning the 
topics in the course and trying to assimilate both notions and procedures. Hence, the educational 
world assumes with one voice that it is compulsory the detection and analysis of errors in our students 
to make an efficient use of them in the feedback of the learning/teaching procedure performed with our 
students. 

With respect to the features presented by the errors that our students perform when facing 
mathematical topics, Mulhern (1989) asserted that errors arise naturally and they are amazing and 
amusing since they are unexpected by teaching staff even when teachers have planned most of 
possible errors and mistakes to be performed by students. By the same token, Mulhern also asserted 
that errors and mistakes are persistent enduring throughout the time, what implies a serious difficulty 
for our students to surpass them. This is so since errors involve that students’ mental framework has 
been organized according to these errors and, hence, students must reorganize their knowledge and 
mental procedures. Moreover, Mulhern claimed the existence of dualism in students’ errors: they can 
be systematic or random. On the basis of our experience, we agree the fact that systematic errors are 
appearing more often, being more and more persistent along the time for students who are making 
them. The greater persistence of this type of errors is due to the fact that errors are not arising from 
wrong or inappropriate applications of notions or procedures, but they are reflecting a mistaken 
understanding of such notions or procedures, which are usually accompanied by a wrong (or 
sometimes inappropriate) organization of solving procedures. Unfortunately, this involves that the 
correction of these errors becomes remarkable more difficult because students have embraced and 
automated them. On the other hand, random errors are usually performed by mistake, being unusual 
and easily detectable. In addition, random errors are not serious with respect to the acquisition of 
mathematical skills by students and they only require an appropriate revision by students to check that 
mistakes are not performed, due to computation or transcription, along the development of solving a 
problem. 
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Teachers should take into consideration that students are not often aware of the error that they are 
performing because they are using symbols and notions that have not been assimilated and that are 
applied by mechanical repetition but not understanding what they are doing and, consequently, not 
being a reflection of their competent use. 

Additionally, since students feel emotions when facing subjects along their learning process, these 
emotions should be taken into considerations to plan our teaching when working with them. Such 
emotions and feelings have unconsciously influence the acquisition of skills by our students because 
some attitudes are developed by students to build later their own understanding (“beliefs”) for the 
notions and procedures that they have worked independently on this understanding is right or not. On 
that point, Mandler (1989) asserted that “new tasks” to be performed by students may cause mental 
“blocks” in such a way that “emotions” arise and, when this situation is happening several times, it is 
usual the appearance of “attitudes” involving the development of “believes” about the notions and 
procedures that students are working with. Precisely, such “beliefs” involve the uprising of new 
“emotions” and, hence, the creation of a feedback loop which may be counter-productive for students. 
Consequently, teaching staff should be alert for the influence of affective domain over cognitive 
domain in students for its use in order to assist and ease our students’ learning process. In this way, 
affective domain includes beliefs reflecting certain opinions on some notions, attitudes corresponding 
to some emotional responses to particular objects and emotions due to some stimulus; and all of them 
should be born in mind by teachers when facing the learning/teaching procedures with their students. 

This paper is devoted to deal with errors performed by our students and problems coming from their 
existence and persistence in our students; although based on the viewpoint acquired by the authors 
according to their teaching practice and related to algebraic, conceptual or procedural errors more 
frequently appearing in the solutions given by 1st-year students to problems about Integral Calculus. 
Let us note that most of errors (independently on their taxonomy) are related and due to the 
“algebrization” of Differential and Integral Calculus as a consequence of the paradigm shift that took 
place at the end of 19th century and the beginning of the 20th century. We are referring to the 
foundational crisis of Mathematics and the arise of formalism as the paradigm of mathematical proof 
and the analysis of mathematical propositions and results, that which involved the rejection of 
intuitivism and the visualization as an appropriate tool in Mathematics. Let us note that the above-
mentioned crisis is placed circa 1900 mainly due to the introduction of Set Theory by Cantor who 
placed the emphasis on rigor and formal proof instead of intuition about concepts and procedures. 
This paradigm shift was extremely important to formalize all the disciplines defining the Mathematics 
Corpus, but this involved in the long run the some problems for the knowledge transmission since 
teachers (and primarily university teaching staff) usually explain Mathematics from a formalist 
approach, which avoids the use of visual explanations of concepts and procedures. In our opinion, 
visual explanations provide us with an excellent and very useful tool to communicate notions and 
procedures in Mathematics in such a way that our students can assimilate the mathematical skills that 
they are working with. Precisely, Orton (1983) analyzed the way in which the explanation of integration 
(both concepts and procedures) is going darker and darker for our students due to algebraic handing, 
which is compulsory for most of syllabuses and methodology for Integral Calculus. 

About the origin of Set Theory, the foundational crisis of Mathematics and their influence on formalism 
in current Mathematics, readers can consult Fedriani and Tenorio (2010) or Sentilles (2011, p. 74). 

Coming back to the subject of teaching Integral Calculus, teachers might introduce the notion of 
definite integral, for one or several variables, starting from its practical historic origin corresponding to 
the computation of areas and volumes for geometric figures and solids. Once the notion has been 
introduced, teachers might now propose our students to consider integral as an addition involving 
“infinite” addends and providing them with the cumulation of instantaneous amounts. On the contrary, 
the notion of integrals is introduced and explained to university students as limits of Riemann additions 
(despite the many problems when dealing the notion of limit to students enrolled for degrees not 
belonging to scientific or technical fields) and then those limits of additions are automatically related to 
the notion of area under a curve when computing definite integrals for positive one-variable functions. 
However, this approach (which is the most usual and traditional for university courses) does not allows 
our student to visualize the notions and procedures since they are not constructing the area from a 
intuitive viewpoint as posed, for example, by Thompson and Silverman (2008). 

According to Llorens and Santoja (1997), there exist other failures when explaining Integral Calculus 
to our students; indeed such failures had been faced during our teaching experience in the Faculty of 
Business throughout the time. More specifically, Llorens and Santoja referred to the identification of 
the notion of integral and that of primitive of a given function, which is actually a purely algebraic 
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procedure but not an appropriate proposal to approach the notion of integral if the goal of integration 
consists of applying integrals for computation of areas and volumes in order to analyze economical or 
financial phenomena. Regarding the above-mentioned identification, our students can be able to 
compute (both definite and indefinite) integrals applying different integration methods but they may not 
be skilled in applying integral to determine areas or volumes under graphs of functions and, even, to 
model a problem or phenomenon using integrals. Moreover, students usually identify definite integrals 
and Barrow’s rule, even if this rule cannot be applied for the computation they are performing (for 
example, when computing an improper integral or the integral cannot be expressed in terms of 
elementary functions). In the same way, students do not have any problem to associate the notion of 
integral with the computation of areas; however, this association is limited to the intuition for the 
existence of something similar to a link between them, but not being aware of the nature of this 
relation: computing areas is the same than computing definite integrals (for positive functions). 

In conclusion, our students can assimilate and automate (far more than learning and applying 
competently) the concepts and procedures related to indefinite integrals but not taking into 
consideration any context for them and, even worst, not relating them to any other previous or later 
concept about Integral Calculus that our students had to or must face. Regarding this, students only 
learn criteria and techniques by heart and forgive any natural context for them. This involves the loss 
of heritage and meaning and, consequently, students’ inability to apply competently these criteria and 
techniques to face economic phenomenon requiring Integral Calculus because they do not understand 
their meaning. For the sake of example, when the course is completed, most of students do not know 
the hypotheses to assure that a Riemann integral is well defined (at least, necessary conditions); they 
interpret definite integrals as areas of surfaces but not thinking about the meaning of this computation 
and relation depending on the existence of a constant signature for the function; or even students do 
not understand that integration is the converse operation of derivation, in such a way that integrals can 
be used to express an economical phenomenon starting from the functional expression which models 
how the phenomenon changes in terms of the variable time (i.e. how the economical problem can be 
expressed by using integrals o, more generally, differential equations). 

3 INTEGRAL CALCULUS IN 1ST-YEAR MATHEMATICS COURSES 
As commented previously, or students face up to several problems when studying Integral Calculus. 
Part of this situation is related to the starting point for our students about Mathematics skills after 
passing Upper Secondary Education. In this paper, we are not considering the additional problems 
coming from the option of obtaining a vocational training diploma for the access to university degrees 
involving Mathematics courses instead of a High School diploma. According to the Spanish applicable 
regulations about the curricula of High-School level education (i.e. Royal Decree 1105/2014, Order 
ECD/65/2015, Decree 110/2016 and Order of 14 July 2016), notions related to Integral Calculus are 
included in the syllabus for the last year previous to accessing University. More specifically, the 
subject “Mathematics II”, oriented to Science and Technology, includes the following concepts and 
procedures: 

• Primitive of function, indefinite integral and basic computation methods for primitives (according 
to Spanish state syllabus); laying emphasis on immediate primitives (according to Andalusian 
regional syllabus). 

• Definite Integral, Mean Value Theorem and Fundamental Theorem of Calculus (according to 
Spanish state syllabus); laying emphasis on the properties of definite integrals and Barrow’s 
rule (according to Andalusian regional syllabus). 

• Application to computation of areas for planar regions defined by lines and curves which are 
easily plotted. 

Regarding the subject “Mathematics applied to Social Sciences II”, oriented to study degrees 
corresponding to social sciences (including those degrees about Business and Economics), the 
concepts and procedures to be included are: 

• Notion and computation of primitives: basic properties and immediate integrals.  

• Definite integral and Barrow’s rule applied to immediate functions. 

• Application to computation of areas for planar regions defined by lines and curves which are 
easily plotted and computed by immediate integration. 
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In this way, Integral Calculus and its most essential framework would be introduced to high-school 
students during their last year and right before accessing to University. However, for degrees related 
to Business and Economics, Integral Calculus is dealt with a very basic and rudimentary approach. 
From a technical viewpoint the high-school syllabus may seem insufficient to face later university 
syllabuses; but, in our opinion, the above-mentioned concepts and procedures about Integral Calculus 
might be enough if they were worked appropriately from a conceptual- and skill-based approach. 
Unfortunately, current students in University have not studied according to this syllabus, since the first 
academic year considering this syllabus is year 2016/2017 and students passing this syllabus will 
arrive at University for the academic year 2017/2018. At present, Integral Calculus had previously 
introduced to students during High School if and only if they were enrolled for “Mathematics II” (i.e. 
students for science and technology) and, even then, they used a more simplified syllabus about 
integrals. Consequently, most of Business and Economics majors did not enrolled for “Mathematics II” 
during High School and, hence, they only worked with Differential, never dealing with the notion of 
integral (not even from an intuitive approach) before arriving at University. Even more, those students 
that enrolled for “Mathematics II” and later for Business and Economics degrees usually show 
drawbacks and failures regarding skills about Integral Calculus, although such skills should be 
acquired during High School. In our opinion, this is due to the fact that students are training about 
detecting and solving benchmark problems for the university entrance exam; which involves that the 
assimilation of notions and skills is a secondary goal. 

The above-described particulars entail that students taking a 1st-year Mathematics course for 
Business and Economics may need to face up to some problems and failures corresponding to a first 
approach to Integral Calculus and the notion of integral; although, in some cases, they are merely due 
to conceptual automations and simplifications that were wrongly assimilated during the last year in 
High School when students tried to classify problems according to their solving method in such a way 
that a limited problem taxonomy is given for Integral Calculus based on repetition instead of skill 
acquisition. 

For the case of Pablo de Olavide University, let us note that Integral Calculus is included in the 
syllabuses of subjects as Mathematics for Business I and Business Statistics I (in the 1st year) or 
Business Statistics II (in the 2nd year) for the degrees in Business Management and in Finance and 
Accounting, as well as in the dual degrees in some of these two degrees and Laws. Analogously, 
Integral Calculus is an essential part for the subjects “Mathematics for Economical Analysis I” and “III” 
for the degree in Economics. 

Notions like Consumer and Producer surplus are used in other subjects as, for example, “Introduction 
to Economics”, whereas the measurement of income distribution is necessary for the subject 
“Economic History” (both examples correspond to subjects in the 1st year for the above-mentioned 
degrees). Let us not that all this is under assuming that students are not using differential equations or 
dynamic systems, which provide tool to deal with macro- or micro-economical problems in later years 
for the degree. 

4 SOME ACTIONS TO BE IMPLEMENTED FOR SOLVING STUDENTS’ 
PROBLEMS 

Due to all of the above, University teachers should promote the mathematical visualization when 
teaching Integral Calculus and its related notions. Visualization might be worked by using different 
ways for representations and taking advantage of Information Technology tools (under the hypothesis 
of its reasonable use). Generally, Information Technology allows students to deal with the visualization 
of mathematical notions and hence, makes easy to give meaning and context to those mathematical 
notion that students are working during the course. On this point, Turégano (1994) researched about 
the use of visualization to give meaning to the concept of integral by means of the idea of the area 
under a given curve. 

To obtain a feasible way to solve the problems being observed in our students and commented above, 
we suggest the use of some appropriate software and, more specifically, some dynamic-geometry 
software as learning/teaching resource in order to make easier that our students understand and 
assimilate the dynamic nature of the notion of integral. More even, by using this type of software, 
students may manipulate the notion of definite integral starting from its geometric visualization as the 
area of a region defined by the function to be integrated; indeed, they may consider the integrals as 
the computation of cancellations among positive and negative “areas” when students are considering 
non-constant signature functions. In our practice, we have used the dynamic-geometry software 
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GeoGebra for processing integrals according to the proposal shown in this paper and providing 
students with the resource being available at the following URL address: https://www.upo.es/ 
economia/metodos-dav/excedentes/excedentes2.html. Using this resource, Integral Calculus is 
introduced by using a economical problem and step-by-step explanations are given by means of 
dynamic GeoGebra-based applets. The goal of this type of resources is to improve the understanding 
and assimilation of the notion of definite integral. 

An alternative resource can arise by using videos or tutorials. Both options are very useful to ease the 
assimilation and reinforcement of some notions related to Integral Calculus. At this respect, we used 
videos some years ago in order to strengthen the assimilation of the integration-by-parts methods by 
1st-year students (see, for example, the video corresponding to the URL address 
https://www.youtube.com/watch?v=-reFBJ4R9iA). This resource provide us with a tool to work the 
assignation rule for u and v in the method but using a playful, funny approach. According to our 
experience, we only need some few minutes to watch the video and the advantages for assimilation of 
the method by students is remarkable regarding how and when to use integration by parts. 

Finally, let us note that teachers (when giving Mathematics courses for Business and Economics 
majors) should not put the emphasis on the formalism and the application of integration methods 
requiring remarkable mathematical-operations skills (e.g. very difficult and non-intuitive substitutions 
for integration, cyclic integrals or even rational integrals), but the emphasis should be put on the fact 
that our students are able to understand what is an integral and how integrals can be used in order to 
solve real-world problems related to the field of knowledge they are studying (in this case, Economics 
or Business). Precisely, the latter is the most difficult task for Mathematics teachers in University 
because the formalism and rigor of Mathematics is currently persistent as the viewpoint to explain 
Mathematics in a similar way as explained circa 1900. 

5 CONCLUSIONS 
As conclusion of the previous exposition, University teachers have serious trouble to deal topics about 
Integral Calculus with their students in the context of Business and Economics, although their 
understanding and manipulation are essential for our students. At present, most of students have not 
faced the notion of integral previously (even using an intuitive approach) because these contents and 
skills are not included in the syllabuses that students have studied in High School; even if they have 
taken the Mathematics subject oriented to study science and technology in the university, maybe they 
have not worked integrals conceptually or contextually, but they have only automated how to solve 
integration problems by application of integration methods based on a taxonomy of benchmark 
problems to pass the university entrance exam. 

Even more, although students have studied the concepts and procedures of Differential Calculus (i.e. 
derivatives), it is too difficult for them to establish any relation or link between derivatives and integrals 
because of the artificial construct of derivatives as formulism and application of computational 
techniques but not understanding the meaning of these objects. At this respect, teachers must analyze 
how they can face problems due to the fact that students’ skills about derivatives are only related to 
formal computations but not about their meaning and understanding; moreover, teachers must also 
solve how to introduce and explain integrals to our students in such a way that the symbolism and 
formalism involved in the explanation and treatment of integrals (as the reverse operation of 
derivatives) do not imply additional difficulties doing a lot harder the acquisition of skills by students. 
Let us note that this is usually a problem due to approaching integrals by putting the emphasis on 
integration methods to obtain primitives. In our opinion, teachers should make a greater effort for 
explaining Integral Calculus via the visualization of concepts and procedures since this approach 
makes easier that students can assimilate its conceptual understanding and, hence, the acquisition of 
skills for the practice use of the notions related to integrals, when even we are considering problems in 
the context of real-world problems for Economics and Business. Visualization should come first about 
university teachers’ insistence on introducing and explaining formal methods to compute primitives, 
even when these methods are not so essential for our students’ later professional performance; 
whereas it is compulsory that students knows appropriately the concepts and its possible applications 
for solving economical problems. 

This paper has not been limited to enumerating and commenting the problems that our students have 
to face and the reasons why these difficulties arise in university Mathematics courses. On the 
contrary, we have also suggested some ways to approach this situation in order to find solutions from 
teachers’ perspective: The use of visualization to introduce and explain Integral Calculus, lessening 
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the relevance of formalism and symbolism to explain integrals (which sometimes involve excessive 
trouble for students) and, in this ways, putting the emphasis on the acquisition of key skills by students 
with relation to Integral Calculus.  
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