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Abstract  
The article presents a qualitative analysis of special fraction test developed by Cypriot researches 
Marilena Pantziara and George Philippou. The test consists of 21 tasks in seven groups focus on part-
whole and measure subconstructs of fractions together with the notions of equivalence, comparison 
and addition of fractions and in three columns which represents each level of Sfards´ theory of 
reification. We have translated, modified and adapted this test to the Slovak conditions. We focused 
on examination of statements of Kieren [1], Smith [2], Behr et al. [3] that at first students need to 
master the notions of order and equivalence of fractions to fully understand to measure personality of 
fraction. And then they also need to master measure personality of fraction to master additive 
operations on fractions on each level of Sfards´ theory of reification. The part–whole subconstruct is 
considered fundamental for developing understanding of the other four subconstructs. For analysing of 
these statements, we used the SIA (Statistical Implicative Analysis) method. Based on results of the 
SIA analysis we can conclude that the statements were confirmed for reification stage and partially for 
the other two stages. Our research sample consist of 113 first year Bachelor students of Teacher 
Training for Preschool and Elementary Education within the subject Relations and Operations with 
Numbers and 49 first year Master students of Teacher Training for Primary Education within the 
subject Didactics of Mathematics at Constantine the Philosopher University in Nitra. The data was 
collected in February and March 2016.  
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1 INTRODUCTION  
Pantziara a Phillippou examinated Sfards´ theory by Item Response Theory (IRT) that is used in many 
situations, especially in scoring tests, questionnaires and in similar instruments measuring abilities or 
attitudes. IRT brings very interesting information about the variables one by one but there is no 
relation between the variables. Statistical Implicative Analysis (SIA) was created to build quasi 
implication rules and hence to give sense, or understanding between variables. SIA was initiated by R. 
Gras [4] and is used to evaluate the data because it is able to detect structure in contrast to merely 
confirming or rejecting existing hypothesis. 

The first goal of this method was to define a way of answering the question: “If an object has a 
property A, does it also have a property B”. The answer to this question is rarely a positive one. 
Nevertheless it is possible to notice that there are general trends. SIA aims at discovering such 
tendencies in a set of properties. 

2 THEORETICAL BACKGROUND 

2.1 Sfards´s theory of reification 
Researchers asserted that learners acquire new mathematical ideas mainly procedurally or 
conceptualy. (Dubinsky; Gray & Tall,; Sfard; in [5])  

Procedural knowledge refers to processes, algorithms and actions, or to processes of actions. (Sfard; 
Hilbert & Lefevre; in [5]) 

Conceptual knowledge is defined as the knowledge loaded in relationships (Hiebert & Lefevre; Hallet, 
Nunez, & Bryant; in [5]). Sfard described conceptual knowledge as structural conception that treats a 
mathematical notion as an abstract object, as a static structure. [5] 

The framework of Sfard (1991) differs from the others in a major way: even though she recognized the 
ontological gap between operational and structural conceptualization, she underlined the 
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complementary nature of the two faces of learning, supporting the dual nature of mathematical 
constructs.  

Sfard [6] distinguished three hierarchical stages, which correspond to three degrees of 
structuralization. [5] 

At the stage of interiorization a learner gets acquainted with the processes which will eventually give 
rise to a new concept. These processes are operations performed on lower-level mathematical 
objects. Gradually, the learner becomes skilled at performing these processes. [6] 

The condensation stage is a period of “squeezing” lengthy sequences of operations into more 
manageable units. At this stage a person becomes more and more capable of thinking about a given 
process as a whole without feeling an urge go into details. The condensation phase lasts as long as a 
new entity remains tightly connected to a certain process. [6] 

The reification stage is defined as an ontological shift - a sudden ability to see something familiar in 
totally new light. Reification is an instantaneous quantum leap: a process solidifies into object into a 
static structure. The new entity is soon detached from the fact of its being a member of certain 
category which becomes the ultimate base for claims on the new object´s existence. The stage of 
reification is the point where an interiorization of higher level concept begins. [6] 

These stages should be understood as a hierarchy, which implies that one stage cannot be reached 
before all the former steps are taken by a learner. [6] 

2.2 A Fraction test 
In the compilation of our test we were inspired by Cypriot researches Marilena Pantziara and George 
Philippou [5]. The test consists of 21 tasks in seven groups which are numbered 1,2,3,4,5,6,7 and in 
three columns named A, B, C which represent each level of Sfards´ theory of reification.  

Some tasks required only a step by step procedure, while others required the application of both 
conceptual and procedural understanding of the concept. [5] 

The first three triples of tasks are focus on part-whole subconstruct of fractions. In these tasks 
students have to recognize when an area or a set of models are divided in parts of equal size or not, 
and they have to be able to construct a fraction when a whole is given and to conceive a whole when 
a fraction is given. [5] 

The fourth triple of tasks is focus on measure subconstruct of fractions. Students should be capable of 
locating a number on a number line and be able to identify a number represented by certain point on 
the number line. [5] 

The fifth, sixth and seven triple of tasks are connected with the notion of equivalence, comparison and 
addition of fractions.  

The theme of fractions provides a suitable environment, which can be seen as a structure, which is 
appropriate to use in connection with Sfards´ theory of reification.  [7] 

2.3 Relations between fraction subconstructs and operations on fractions 
As students´ understanding of fraction concept grows, they often move from ordering and comparing 
fractions and finding equivalent fractions to adding and subtracting fractions. (OECD in [8]) 

Smith [2] suggests that to fully develop the measure personality of fractions students also need to 
master the order and equivalence of fractions. [9] 

According to Behr et al. [3] the measure personality of fraction is necessary for developing proficiency 
in additive operations on fractions. 

The part–whole subconstruct is considered fundamental for developing understanding of the other 
subconstructs of fractions. 

It implies that at first students need to master the notions of order and equivalence of fractions to fully 
understand to measure personality of fraction. And then they also need to master measure personality 
of fraction to master additive operations on fractions.  (see figure 1).  

6025



 
Fig. 1: Relations between fraction subconstructs and operations on fractions 

3 DATA ANALYSIS 
The fraction test was administered to 113 first year Bachelor students of Teacher Training for 
Preschool and Elementary Education and 49 first year Master students of Teacher Training for 
Primary Education in February and March 2016 at Constantine the Philosopher University in Nitra. 
Totally 162 participants in the survey were enrolled on a voluntary basis and explicitly agreed to 
contribute to our research. 

Each task in the fraction test was scored 1 in case of correct answer, 0 in case of wrong answer. The 
KR-20 reliability coefficient for fraction test was 0.72, suggesting that the tasks are internally 
consistent on this data set. [10] 

Pantziara&Phillipou [5] analysed students´ responses by unidimensional one-parametric logistic 
(Rasch) item response model, which predict that probability of the correct answer is influenced with 
just one latent variable. And at the same time the difficulty has equal value in each item. In Švecová et 
al. [11] we have found out that the Rasch model is not appropriate for our dataset.  As a suitable 
model we consider unidimensional two-parametric (1D-2PL) logistic item response model. The 1D-
2PL model specifies the conditional response probability curve of a correct response as a function of 
latent variable and the two item parameters – difficulty parameter and discrimination parameter. Item 
discrimination may be interpreted according to the qualitative classification proposed by Baker [12]. 

Excluding tasks A1, A6, B2, B5, which have moderate discrimination ( ), remaining 
tasks  have high discrimination. The tasks difficulties vary from -3,47 (B5) to 5,30 (B6). The difficulty 
parameter of the B1 task is surprisingly high because this task was on the condensation stage. 
Likewise is surprisingly the low difficulty parameter of the task B5. The average of tasks  difficulty is -
0.28. It means that we can consider a test as a less difficult. All test tasks are positively correlate with 
the latent variable but for two tasks  (A1 and B5) is factor loading lower than 0.30, which is threshold 
value to assess of significance of factor loadings and task  A6 exceed it very closely (0.31). 

Based on these results we decided to leave out the tasks  A1, A2 a B5 from our analysis. 

In this work we use two well-known SIA indexes, the similarity and the cohesion aimed at getting fine 
details about properties of fraction test, on the basis of our research hypothesis and in relation to the 
research questions.  

Let us consider two tasks i and j. Lerman´s similarity index [13] classifies tasks according to 
hierarchical clustering [14], [15] and allows us to calculate similarities of tasks. It is defined as follows: 

 
where  and  are the number of correct answers in task i and j, respectively, n  is the total number 
of students, and  is the number of common correct answers in task i and j. 
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For fixed values of  and  the greater  is (i.e. the more i and j are “similar”), the more   is 
positive. When i and j put completely different solutions ( ) the similarity index assumes 
negative values. 

If we take into account two tasks a and b, we can define the implication index, : 

 
where  is the number of students that correct answer task a,  is the number of students that wrong 
answer task b, n is total number of students and  is the number of students that correctly answer 
task a and wrong answer task b.  

In general case, when we can approximate the Poisson law with normal law, the implication intensity 
is defined by: 

 
Based on the implication intensity and the similarity intensity, proposed by Lerman (Lerman, 1981), 
CHIC allows us to build a similarity tree, a hierarchy tree and an implicative graph. The most classical 
tree is a similarity tree (also known as dendrogram). It is based on similarity index. Ina similar way, the 
implication intensity can be used to build an oriented hierarchy tree. It should be noted that for 
hierarchy tree a cohesion index is defined with the implication. More precisely this index is based on 
the Shannon entropy and the implication and is defined by 

 

if  and  otherwise. 

The implication intensity can also be used to define an implication graph, which lets the user select the 
association rules and the variables which wants. The great advantage of SIA compared to other 
approaches is to give a clear sense of results because they are based on statistics and the meaning is 
very intuitive. 

4 RESULTS 
This section contains the results obtained by SIA. In reporting SIA results we adopt a sloppy language 
by saying e.g. item A implies item B which should be understood as: There is quasi implication that 
says that every student who solves item A successfully solves item B as well. 

4.1 Similarity graphs 

 
Fig. 2: Similarity graphs for each stage of Sfards´ theory of reification 

Fig. 2 represents similarity graph for interiorization stage. Here we can observe that there are 
similarities between tasks A4 and A5 (similarity = 0.85). It means that there is similarity between tasks 
focused on measure subconstruct and equivalence of fraction. These tasks (A4 and A5) are similar to 
task A7 (similarity = 0.58), which represents addition on fractions.  The next similarity we can observe 
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between tasks A2 and A3 (similarity = 0.84). It means that there is similarity between tasks focused on 
part-whole subconstruct. In this figure, tasks A4 and A5 are link in red. It represent the most significant 
levels which are more significant than previous level and the next one.  

Fig. 2 represents similarity graph for condensation stage. Here we can observe that there are 
significant similarities between tasks B1 and B3 (similarity = 0.94). It means that there is similarity 
between tasks focused on part-whole subconstruct. The next significant similarity is between B4 and 
B7 (similarity = 0.73), so similarity between tasks focused on measure subconstruct and addition of 
fractions. The next similarity is between B1, B3 and B4, B7 (similarity = 0.37).  In this figure, there are 
some links in red what represent the most significant levels which are more significant than previous 
level and the next one. 

Fig. 2 represents similarity graph for reification stage. Here we can observe that there are similarities 
between tasks C4 and C7 (similarity = 0.99). It means that there is similarity between tasks focused on 
measure subconstruct and addition of fractions. These tasks (C4 and C7) are similar to task C3 
(similarity = 0.98), which is focused on part-whole subconstruct.  The next significant similarity is 
between before mentioned group of tasks (C4, C7, C3) and tasks C1 and C5 (similarity = 0.64). C1 is 
task focus on part-whole subconstruct and C5 is the task focused on equivalence of fractions. In this 
figure, there are also some links in red, which represent the most significant levels which are more 
significant than previous level and the next one.  

4.2 Hierarchy trees (Cohesion Analysis) 

 
Fig. 3: Hierarchy trees for each level of Sfards´ theory of reification 

The cohesion trees of tasks for each level of Sfards´ theory of reification shows significant knots at 
level 1 for all three stages and for reification stage also at level 4. 

Figure 3 gives the hierarchy tree for interiorization stage. In these graph we can see that task A4 
implies task A5 (cohesion = 0.78). It means that if students are able to solve tasks focused on 
measure subconstruct of fractions then they are able to solve tasks focused on equivalence of 
fractions. 

Figure 3 gives the hierarchy tree for condensation stage. In these graph we can see that task B1 
implies task B3 (cohesion = 0.85). Both tasks represents part-whole subconstruct of fractions. 

Interesting results are shown in figure 3 for reification stage.  The strongest rule is  
(cohesion = 0.99). It means that if students are able to solve tasks focused on addition of fractions 
then they are able to solve tasks focused on measure subconstruct of fractions. The second strongest 

rule  (cohesion = 0.54) has following meaning: if students are able to solve tasks 
focused on addition of fractions and measure subconstruct of fractions then they are able to solve 
tasks which represent part-whole subconstruct of fractions. We considered part-whole subconstruct of 
fractions as a fundamental for developing understanding of the other subconstructs and operations on 
fractions. 

5 FINDINGS AND CONCLUSIONS 
In our article we focused on examination of statements of Kieren [1], Smith [2], Behr et al. [3]  that at 
first students need to master the notions of order and equivalence of fractions to fully understand to 
measure personality of fraction. And then they also need to master measure personality of fraction to 
master additive operations on fractions on each level of Sfards´ theory of reification. The part–whole 
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subconstruct is considered fundamental for developing understanding of the other four subconstructs. 
For analysing of these statements we used the SIA (Statistical Implicative Analysis) method.  

The similarity graph for the interiorization stage showed the most significant similarity between the 
tasks A4 and A5. This relation we can observe also in implication tree (A4 → A5). In the task A4 
students had to place fraction   on the number line. In the task A5 students had to fill the correct 
numerator to the fraction equivalence: . This similarity follows from Smith [2], who suggests that 
to fully develop the measure personality of fractions students also need to master the order and 
equivalence of fractions. It results from the properties of the number line which helps students to build 
a sense of density of rational numbers, a sense of order and relative magnitudes of rational numbers. 
[16] 

The tasks A4 and A5 are similar to the task A7 which represents addition of two fractions with like 
denominator. This similarity follows from Behr et al. [3], who claim that the measure personality of 
fraction is necessary for developing proficiency in additive operations on fractions. It also depends on 
properties of the number line. Because through successive partitioning, children quickly learn about 
equivalence and common denominator. [16] 

On condensation stage we can observe similarities between tasks B1 and B3. This relation we can 
observe also in implication tree (B1 → B3). The task B1 was: Write in fraction the shaded part of each 
square. The task B3 was: If the four triangles represents   of the whole, draw the whole in the box 
below. It represents the relation between part and the whole. In the task B1 students knew the whole 
and they had to write its´ part in fraction. In the task B3 students knew the part of the whole and they 
had to draw the whole.  The next significant similarity is between B4 and B7. In the task B4 students 
had to place the fraction that is shown in the figure on the preprinted number line. In the task B7 
students had to add two fractions with unlike denominator. This similarity follows from the same 
reason as in the interiorization stage. In addition of two fractions with unlike denominator students 
have to do partition of the number line until they can name the sum. [16] The similarity also follows 
from Behrs´ statement. The next similarity is between B1, B3 and B4, B7.  It follows from Behr et al. [3] 
who claims, that the part–whole subconstruct is considered fundamental for developing understanding 
of the other subconstructs of fractions.  

In similarity graph for reification stage we can observe that there are similarities between tasks C4 and 
C7. This relation we can observe also in implication tree (C7 → C4). In the task C4 students had to 

write the correct number to the box on the preprinted number line. But the unit interval is  . The task 
C7 consists of 3 steps. Students had to add two fractions with unlike denominator, drew this process 
of addition of fractions and at least they had to pose a problem using the addition of fractions. The 
tasks C4 and C7 are similar to task C3. This relation we can also observe also in implication tree ((C7 

→ C4)→ C3). In the task C3 students had to draw   of the triangles which were illustrated in the task.  
The next significant similarity is between before mentioned group of tasks (C4, C7, C3) and tasks C1 
and C5. We can observe in implication tree the implication (C5→ C1). In the task C1 students had to 
write in fraction the shaded part of the object. The task C5 asks students, in the context of a problem, 
to represent the equivalence of fractions using the symbol x. 

Based on results of the SIA analysis we can conclude that the statements were confirmed for 
reification stage and partially for the other two stages.  
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