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Abstract 
This paper analyses a teaching experiment carried out in the 12th and 13th (17-18 years) of a scientific 
high school and aimed at introducing the deltoid curve with a spirograph. 

The peculiarity of this teaching experiment lies in the methodological approach, which privileges a 
practical strategy based on the combination of a physical tools like the spirograph with its modern 
versions created by a Dynamic Geometry Software like GeoGebra. In the fourth and in the concluding 
paragraph, I will report a coherent analysis of the method and the results obtained from the 
experimentation in class. 
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There is geometry in the humming of cords, there is music in the spacing of spheres. 

Pythagoras 

1 INTRODUCTION 
Curves represent a rich field of study which remains partly unexplored ([1], [2], [3]), and that can be 
discovered and rediscovered at school also with the aid of mathematical machines, in a process which 
falls between tradition and modernity.  Research about the educational use of mathematical 
instruments is not widespread ([4]). That is why the educational potential of traditional instruments in 
the teaching - learning of geometry is at the origin of a limited number of educational experiments 
carried out in different countries in the world. The reasons for this are many, and range from the 
affective, cultural, educational and cognitive aspects for the study of the processes of construction of 
meanings, and the production of typical mathematical reasoning ([4]). 

This paper presents a teaching experiment of spirograph use aimed at the discovery and construction 
of the deltoid curve. The aim of the spirograph use – first in a real and then in a virtual setting - is to 
help students to develop the skills required for the use of mathematical instruments, methods and 
models in different situations. For this reason, the teaching experiment starts off in the classroom with 
an empirical approach that is the exploration of a spirograph, a mechanical instrument, which is based 
on some mathematical principles. Later we move on to the construction of the meaning of 
representation, filling the gaps between experience and representation, and then gradually reach the 
graphic construction of the curve, with the use of the dynamic geometry software (DGS) GeoGebra 
([5]). The choice to study and represent graphically the deltoid curve using mathematical equipment - 
between tradition and modernity - is explained by the need to propose methods and processes 
alternative to traditional educational courses, and to make students aware of the cultural significance 
of mathematics, which is a dynamic science combining different branches of knowledge. The use of 
technological resources in the teaching of mathematics allows you to create new opportunities in the 
processes of teaching-learning, it can also provide us with a dynamic and manipulative experimental 
environment with regard to the rate of change such as graph and movement ([6]) and at the same time 
it activates links between ideas and mathematical content. In this sense technology, inserted in an 
appropriate methodological framework, act as broker ([7]). 

An instrument is the result of a process, named instrumental genesis, through which the 
subject builds a scheme of utilization of the artefact ([8]). 

The use of these artifacts, such as teaching aids, fosters the ability to make conjectures and build 
even complex demonstrations on their properties and function; the interaction between real and 
virtual, then, is an added value to teaching as it allows the student not only to design, formalize and 
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display, but also to make active and experimental one of the most beautiful and fascinating topics of 
geometry.  

The issues related to the use of tools and technologies in mathematical education are widely 
considered, but there are few studies on the integration of traditional tools and modern tools offered by 
new technologies ([9], [10], [11]). 

Therefore, my hypothesis is that the artifacts – traditional and modern – can enlarge and improve the 
learning experience of the students. 

2 THEORETICAL FRAMEWORK 
In this section, I present the two theoretical frameworks, in which the teaching experiment are 
grounded: the instrumental approach and the semiotic mediation approach. 

The first theoretical element considered is the instrumental approach, developed on the basis of 
Rabardel’s work ([12]), and dedicated to a cognitive approach to contemporary instruments, mainly 
those connected to new technologies, focusing on the tool-user relationship. Rabardel’s work is based 
on the distinction between artifact and instrument: an object created by a person remains an artifact 
until the user devises a scheme for its use. In other terms, an artifact is a material or abstract object 
aimed at sustaining new human activity in the performance of a type of task, while an instrument is 
what the subject builds from the artifact ([13]). In his book, Rabardel starts from the observation that 
no artefact is given directly to the user; rather, the user personally elaborates through what the author 
calls activities. Rabardel defines instrumental genesis as the process which enables the user of an 
artifact to build the instrument. Instrumental genesis consists of two complementary processes: 
instrumentation and instrumentalization.  The two processes differ in the direction of the activity: in the 
instrumentation, activity is directed from the artifact towards the user involved in the learning of 
socially shared usage schemes; in instrumentation, activity is directed from the subject towards the 
artifact component of the instrument. The user can create new functions while preserving 
characteristics and properties of the artifacts. On the basis of these theoretical premises, the first 
phase of the teaching experiment focuses mostly on the instrumentation processes, since the students 
need to identify schemes for the use of the spirograph. During the second phase, the focus is on 
instrumentation processes so that the artifact – computer, through the GeoGebra software – can take 
on one more function, that is representing the deltoid curve based on the circumference radius (fixed 
and rotating). 

Another essential theoretical element to consider for the planning and analysis of experimentation is 
the use of cultural artifacts as instruments of semiotic mediation for the construction of mathematical 
meanings, developed by Bartolini, Bussi and Mariotti ([14]) in a Vygostkian perspective. Bartolini and 
Mariotti take into consideration the complex system of semiotic relations which can be established 
among four essential elements: an artifact, a task, a part of mathematical knowledge and processes of 
teaching-learning in class. In a similar system, on the one hand the artifact is connected to a task 
accessible for the learner, while on the other it connects to the mathematical knowledge that the 
teacher wants to elicit. The main issue is how to establish communication between the physical 
interaction with the artifact by the learners who are executing a task, and subject knowledge. In this 
context we propose a distinction among three categories of signs ([14], [15]): 

• artifact signs: often signs of a subjective nature that refer to the artifact context of use; 

• mathematical signs: signs connected to the subject meanings, part of the cultural tradition; 
students’ mastery of them represents one of the goals for the teacher; 

• pivot signs: intermediate representations, between artifact signs and mathematical signs. 

Taking a semiotic perspective means to interpret the teaching-learning process recognizing the central 
role of signs ([16]) in the construction of knowledge, and focusing on the link that can be established 
between artifacts and mathematical knowledge. In a mathematics class context, when using an artifact 
for accomplishing a mathematical task, students can be guided to produce personal signs, which can 
be put in relation with mathematical signs ([17]). In this process the role of the teacher is very 
important, because he or she should act as cultural mediator able to enhance the possible relationship 
among the three different types of signs which concur in equal measure to the acquisition of subject 
knowledge ([15]). To this end the teacher designs didactic procedures that encompass three minimal 
elements: activities with artifacts, individual production of signs and collective production of signs 
aided by ([18]). This represents a specific mode of interaction finalized to the gradual acquisition of 
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mathematical meanings by the learners. During the mathematics discussion the teacher not only takes 
into account the learners’ existing knowledge, but facilitates its expression so as to promote further 
development. 

3 METHODOLOGY 
The teaching experiment aims to facilitate the understanding of the concrete-abstract relationship, in 
order to avoid the acquisition of purely theoretical mathematical concepts. That is why the 
experimentation includes different artifacts: both the spirograph (real artifact) and the dynamic 
geometry environment GeoGebra (virtual artifact), with the precise aim of developing the ability to use 
methods, instruments and models in different situations on the one hand, and of acquiring a tendency 
to reflect back on the knowledge acquired in the process on the other.  

This choice of methodology openly favors mathematical machines, between tradition and modernity. 
The approach to the geometric object in fact,- the deltoid curve– begins with the exploration of the 
spirograph, a mechanical instrument based on some mathematical principles; after that we move on to 
the construction of the meaning of representation through the use of GeoGebra for the virtual 
simulation of the spirograph and the drawing of the of the curve.  

So the different phases are intended as an opportunity to construct ‘models’, to verify and consolidate 
knowledge with a circular approach, and leverage the historical aspect to highlight both how the 
concept of curve has evolved, and the progressive improvement of the relative mathematical methods. 

4 TEACHING EXPERIMENT 
The teaching experiment consists of two phases:  

• Familiarization with the spirograph and discovery of the deltoid curve; 

• A virtual spirograph. 

4.1 I Phase: Familiarization with the spirograph and discovery of the deltoid 
curve 

The teacher starts by dividing the students into groups of four, and in order to get their attention and 
motivate them to develop arguments, conjectures and deductive reasoning, gives each group a 
spirograph (Figure 1), a didactic game once very popular and still available in shops.  

A spirograph is a mechanical device made up of toothed wooden/plastic/metal disks and rings that can 
slide over one another. To use it, you put it over a sheet of paper or cardboard: a pen or pencil is 
inserted into one of the holes of the mechanism, while the spirograph is inserted into a bigger ring or 
bar. The force applied to the pen also serves to move the mechanism, but you usually need some 
practice to prevent the mechanism from moving outside the chosen path and when pieces are used in 
complex combinations, you may need other people to hold still some of the pieces. The various 
possible combinations, between the existing holes in the circular mechanisms and the shapes against 
which they can be moved, you can trace elegant and varied graphic motifs.  

 
Fig. 1 - Spirograph 

The teacher invites the students to explore the mechanical device first through free play; after, when 
the learners have had a chance to get to know the tool a little, she or he proposes some tasks, and 
stimulates them with some questions: 
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• Describe the mechanical device (mathematical machine) indicating the main agents; 

• Elaborate drawings which can help to understand the description and functioning of the 
machine; 

• What do you get when you manipulate the mechanism? 

• What happens to the image objects- curves - when the machine moves along the given objects 
(ring, discs and holes)? 

• Find a procedure to construct the image object through the rotation realized by the machine.  

This conversation triggered and guided by the teacher is very important because it avoids the 
construction of formal games, and educates to a reasoned exposition of conjectures and hypotheses, 
stimulating creativity, intuition and imagination. Indeed, the empirical examination of the mechanical 
device leads to a gradual discovery of mathematical principles which underlay its functioning and 
therefore to the formulation of a plausible mathematical model. This requires clear hypotheses and 
rigorous deductions.  

This is a delicate phase, not always easy to identify, as the students have already examined the 
mechanism and formulated their conjectures. In this particular case, the students observe: 

1 There are two circumferences internally tangent; 

2 The circumference with a smaller radius rotates within the circumference having a larger radius 
(Figure2); 

3 With the varying of internal circumferences (change of disc and/or hole) the image objects 
obtained are different (triangular lines, that is lines limited by many smaller arches of more 
circumferences touch externally two by two; in Figure 3 the larger circumference has centre  
and radius , the smaller circumference is tangent in point  to the previous one. The rapport 
between the two radiuses is 6, that is , consequently the arch  with centre  and angle 
at centre  has equal length to that of the generating circle. 

4 In the case (degenerate) in which  we actually obtain one of the diameters of the larger 
circumference;  

5 In the specific case in which  or  we obtain as image object the line limited by 
three smaller arches of three circumferences, which touch externally two by two (Figure 4); 

6 If  the centre of the rotating circumference generates a circumference with 
radius  which is concentrical to the circumference with radius  (Figure 5a); 

7 If  the centre of the rotating circumference generates a circumference with radius  
which is concentrical to the circumference with radius  (Figure 5b). 

 
Fig. 2 - Rotating circumference within a larger circumference 
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Fig. 3 - Generator of a line limited by six arches 

 
Fig. 4 - Line limited by three arches 

 
Fig. 5 (a e b) - Centre of the rotating circumference which generates a circumference concentrical 

 to the circumference with radius R 

The analysis of the first phase of the teaching experiment highlights how practical use of the artifact 
(spirograph) allows the development of two kinds of gestures, one relating to the characteristics of the 
spirograph and the other relative to its usage patterns. Among the classroom activities, mathematical 
discussions ([19]) take up an essential part in the educational process, with specific aims: construction 
of knowledge and construction of attitudes towards learning mathematics. The observation of the 
device and the ensuing discussion have led to an initial, basic generalization; at this stage, it is 
essential that the students run a historical search on Internet to find out as much as possible about the 
evolution of the concept of curve, and the subsequent improvements of related mathematical 
methods. A similar action is important because it can support the close link between geometry and 
mechanics, it facilitates the understanding of concepts, and points to the more general network of 
connexions which in time reveals how science and technology belong to the same sphere and share 
their foundations.  

From historical research we find out that hypocycloids are the plane curves generated by a point on 
the circumference of a circle as it rolls without slipping along the inside of a circle. If the smaller circle 

has radius  and the larger circle has radius , where  is an integer, then the curve is closed 

and has  cusps. During the centuries, famous mathematicians were interested on alternative 
methods for generate hypocycloids and, in particular, the “tricuspid hypocycloid” (curve of third class 
and fourth order1). 

                                                        
1 The class of an algebraic curve is the number of its tangents that can be drawn from a generic point. 
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Depending on the rapport between the radiuses of the two circumferences we obtain the curves 
illustrated in Figure 7(a and b). 

 
Fig.7a 

 
Fig.7b 

In fact, when the rapport between the two radiuses is not a whole number, the number of the cusps is 
determined by the greatest common divisor (G.C.D) between the two radiuses; while to determine the 
number of turns made by the rotating circumference to complete the curve it is sufficient to divide the 
radius of the latter by GCD: for example, if radius of the large circumference is 60 and the radius of the 
rotating circumference is 36, the number of turns necessary to the rotating circumference is 3. 

The simplest example of this type of curves is given to the deltoid, which is a tricuspid hypocycloid that 
is a rolling curve. 

At this point the teacher tells the students that the triangular curve obtained is called deltoid due to its 
shape being similar to the Greek letter ‘delta’, and continues by saying that the discovery of the curve 
cannot be ascribed to a particular person due to its relation with another curve named cycloid (rolling 
curves) studied by Galileo and Mersenne as far back as 1599, and later conceived by the Danish 
Roemer in 1674 while studying the best shape for a gearwheel. The first to actually seriously consider 
the deltoid curve was Euler in 1745 in relation to an optical problem, while later in 1856 Stainer studied 
the curve in such depth that it was nicknamed ‘Steiner’s ipocycloid’. In any case a more extended 
study of the curve within the context of its historical background could be the object of future lessons. 

We are now faced by the challenge of creating a virtual spirograph to represent the deltoid curve, 
using the GeoGebra DGS. 

4.2 II Phase: A virtual spirograph 
The first phase, which is preparatory, represents an ideal chance to move from the realm of reality to 
that of Mathematics; but in order for the teaching experiment to contribute to a real understanding and 
a sound acquisition of concepts, the use of the computer through the GeoGebra DGS becomes very 
important because it represents a method, a ‘mental place’ where the students really have the 
opportunity to explore mathematical concepts, formulate conjectures to be validated or rejected, and 
continue the problem solving experience. 

In the previous phase the students discovered the image object, by using the mechanical device:  
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A deltoid is a curve produced by a fixed point on a circumference, which rotates inside a 
larger circumference; a deltoid is a hypocycloid with 3 cusps, produced when the smaller 
circumference has a radius which is 1/3 or 2/3 of the radius of the larger circumference. 

To trace the deltoid curve at the computer con GeoGebra one needs not only to understand how to 
obtain the image object, but also reproduce the animation of the spirograph virtually. First of all you 
need to draw the large circumference (fixed), with radius  and the rotating circumference with radius 

; to draw the latter it is a good idea to analyze the positions of the said circumference in respect to 
the fixed circumference. 

The students know that a circumference is determined only when the radius and the centre are known.  

In the case in question, the radius of the rotating circumference is , so how does the centre vary 
with the rotation?  

From hypothesis 7) in paragraph 4.1.1, the centre of the rotating circumference moves on a 
circumference with radius  concentrical to the circumference with radius  (large circumference); 
first we need to construct the concentrical circumferences with radius  and  respectively  

At that point the teacher will guide the students maieutically to the rediscovery of the following 
Theorem:  

«An angle at the centre of a circumference is double the angle at the circumference, 
when both stand on the same arc». 

It is useful to fix the extremes  and  of a diameter of the circumference with radius  and subdivide 
the circumference in arches of the same size α, so the diameter of the rotating circumference lies on 
the straight line passing by points and , belonging to the circumference with radius , where: 

•  is rotated by an angle  anticlockwise starting from ; 

•  is rotated by an angle  clockwise starting .  

So the rotating circumference has radius  and centre ; the intersection between the straight line 
passing by  and  and the rotating circumference gives the details of the diameter of the rotated 
circumference. Its development shapes the image object. 

The construction of the geometrical objects is helped by buttons (labels), provided by GeoGebra, while 
the sequence of instructions in the correct order to impart to the software is a task for the students. 

Therefore, the steps of the solving algorithm are as follows: 

1 Draw a circumference  with centre O and radius ; 

2 Draw a circumference  with centre O and radius ; 

3 Cycle for the construction of the deltoid 

Starting from the  point on circumference : 

o Rotate the point  on circumference ; 
o Trace the line  passing through corresponding points on circumference ; 
o Draw a circumference  with centre  and radius ; 
o Intersect the straight line  with circumference ; 
o Draw the segment having as extremes the points of intersection of the straight line  with 

circumference , in case these have 2 points of intersection. 

4 The place of the points given by the intersection between the straight line passing by the 
corresponding points and circumference , defines the deltoid curve. 
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Fig. 9 - Output of deltoid curve 

In this phase geometrical knowledge is modified by the mediation provided by the GeoGebra 
software’s special characteristics, so the software potential is closely linked to the construction of the 
mathematical meaning which can be expressed through student interaction with the computer. 
The role of signs is important in the GeoGebra software. For example, by pushing a button (label) a 
command can be given, and each button is identified with the name of the geometrical object to be 
constructed, which facilitates construction procedures. 

This second activity carried out in the computer lab is very educational because it: 

• implies the real comprehension of the algorithm of construction, through the simplification of the 
geometrical objects and their complexity; 

• adds value to the students’ learning, because they get the opportunity to improve their skills and 
to become familiar with the formal and rigorous language of mathematics without being 
compelled to do so by a teacher. 

To sum up, the second activity acts as support because it values intuition and at the same time 
enables the learners to make generalizations - impossible to attain with a static image - which lead to 
manage intuitive discovery within a rational framework, and ultimately to accept not only traditional 
deductive but also inductive processes of learning. 

5 CONCLUSION 
The choice to study and represent graphically the deltoid curve using mathematical machines - in a 
process which falls between tradition and modernity – aims at communicating and making explicit 
methods and procedures alternative to the usual didactic approaches, while also making the students 
aware of the cultural role of Mathematics, a dynamic science which encompasses different aspects of 
knowledge. 

The use of artifacts adds value to mathematical learning, because their use as teaching aids facilitates 
the ability to make conjectures and construct even complex demonstrations on their properties and 
functioning; interaction between real and virtual, in particular, improves the quality of the learning 
experience because it enables the learner not only to plan, formalize and visualize, but also to make 
active and almost “experimental” (from manual spirograph to virtual) one of Geometry’s most 
interesting topics. 

Using the GeoGebra software tools allows the learner to simulate the functioning of the spirograph 
and represent graphically the deltoid curve, while investigating further the relationships and rapports 
between the geometric elements involved. 

At the same time, the observation of the mechanical device (spirograph) and of the geometric object 
(deltoid) to be constructed leads the student to discover a historical aspect. Finally, the ordered 
succession of the tools to be used for the simulation of the mechanical object, stimulate the students 
to think, to reason on some mathematical concepts and to consider the relationship between 
Mathematics and software. 
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To sum up, the students are able to understand and explain mathematical meanings through the 
usage schemes for the spirograph and to formulate them in a mathematical representation. 
Transferring the usage schemes for the spirograph to a virtual environment has enabled the students 
to make conjectures and handle procedures, assimilating the process of construction of the 
mathematical object. 

The different approach to the construction of the flat curve might cause in the students a temporary 
difficulty in recognizing situations already explored. That is why the conclusions they eventually reach 
are highly gratifying. 
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