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Abstract 
This paper fits the theoretical framework about probability education and presents a design-based 
research methodology relating to an empirical approach to probability in middle school. The design 
uses the potential of computer programming to reflect on the different levels of formalization to meet 
the wide variety of students’ previous knowledge. The aim of the author is to offer an integrated, 
intuitive, and advantageous design to develop critical thinking through a constructivist vision of 
computer use in probability education. 
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1 INTRODUCTION 
Probability has been included -for some time- in the mathematics curricula of most countries at 
different educational level. The reasons are related to the usefulness of probability for daily life its 
instrumental role in other disciplines, the need for basic stochastic knowledge in many professions, 
and its key role in developing critical reasoning. Despite its inclusion in the mathematics curriculum, 
the teaching of probability has not produced significant results, that is, the topic has not received 
sufficient attention for a number of reasons, among which we point out inadequate teacher education 
on this subject matter ([1]). Including a topic in the curriculum does not automatically assure its correct 
teaching and learning; the specific characteristics of probability, such as a multifaceted view of 
probability or the lack of reversibility of random experiments, are not usually found in other areas and 
will create special challenges for teachers and students ([2]). 

In the Italian school the teaching of probability has been relegated to a secondary and often marginal 
level, which has led in time to a number of misconceptions with potentially dangerous consequences, 
especially when one takes into consideration the strong growth of gambling. On the other hand, 
specialized publications do nothing but feed these false probabilistic theories pushing the gaming 
business to higher levels. The majority of people do not understand that for a random phenomenon to 
come true the conditions surrounding the phenomenon are just as important as the phenomenon itself 
([3]). This kind of misconception is one of the principal reasons that encourage gambling.  

As far back as 1979 Giovanni Prodi said:  

For a long time now I have been convinced that a sound mathematical education for the young 
cannot be obtained without exploiting the great conceptual and heuristic wealth of probability 
and statistics … meant … as a reflection on some fundamental knowledge processes and not 
just as a fundamental instrument for experimental and human science ([4]). 

Nowadays it is essential to increase on the topic of probability and on the development of appropriate 
didactic activities, in order to develop a greater awareness of the importance of the subject within 
upper secondary school; at the same time we should provide a series of tips and tools to help 
instructors to teach of probability with greater confidence and pleasure. 

Education to probabilistic thinking should encompass its various aspects in order to be complete, 
produce lasting effects and boost students’ confidence, as far as teaching practice is concerned, this 
means proposing a path of gradual development around a conceptual and operative setting in which 
experience and interpretation proceed alongside and enter into a dialogue with each other to find 
appropriate solutions. 

In order to educate the young to think coherently in uncertain conditions, it is essential to join 
harmoniously the components of inductive and deductive thinking, theory and practice, so as to move 
beyond the traditional teaching of probability based on the axiomatic-deductive presentation. 
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The cost of this traditional approach is high because to deprive students for engaging in a deeper 
investigation into the meaning of the concept of ‘random’, fundamental concept of probability theory. 

Today, with the increasing interest in statistics and technology developments, the frequentist approach 
is receiving preferential1. The introduction of efficient computers in education allows us to simulate 
models resulting from statistical observations and to introduce students to the large field of statistical 
inference. 

This paper fits the theoretical framework outlined so far, and presents a design-based research 
methodology ([5]) relating to an empirical approach to probability in middle school. The author’s 
intention is to promote the use of current information technology tools to support probabilistic 
reasoning, and to show how existing pre-packaged didactic software only allow the rigid application of 
a series of ‘recipes’ in limited contexts, and are not easily adapted to models taken from real 
situations. In this pedagogical perspective the computer is used as a programming tool within the 
MatCos learning environment ([6]).  

The choice of presenting some random phenomena through programming experiences stems from the 
need to suggest alternative methods to traditional teaching. In most cases in schools, the teaching of 
probability its approached as a guide to properties and results to be applied in contexts often 
restricted, a methodology, which is insufficient to understanding the true meaning of probability ([7]). 

2 THE THEORY OF THE GOAL - ORIENTED ACTIVITY 
In recent years, the Italian Ministry of Education and Research (MIUR) has repeatedly stressed the 
need to educate to probabilistic reasoning and quantitative methods. In order to achieve this, students 
should acquire basic concepts and methods applying them to problems, preferably not fictitious. This 
is the only way for the students to master the methodologies and above all acquire a critical point of 
view as well as autonomous thinking. 

Helping the students to comprehend the meaning and conceptual reach of probability requires 
teaching through problems with an inductive approach. Indeed, in an inductive procedure the ‘rules’ 
adopted to predict physical facts’ are the result of elaborations and calculations done on the bases of 
‘mathematical models’, suggested by ‘empirical observations’, and constructed with the aim of 
interpreting the phenomenon in question, of which the most relevant aspects for the solution of the 
problem are noted. 

The above-mentioned objective requires design-based research that it is theoretically framed, 
empirical research on learning and teaching based on particular designs for instruction. Design-based 
research simultaneously pursues the goals of developing effective learning environments and using 
such environments as natural laboratories to study learning and teaching ([8]). 

Computer programming is also a key part of design-based research which is used for the support 
probabilistic reasoning. In order for a student to write a computer program which will simulate an 
empirical experiment, he or she is required to understand the experiment and available simulation 
techniques. It is also possible for a student to simulate theoretical results and in so doing they will gain 
a better understanding and appreciation of the theory. 

Computer programming can give students immediate access to large amounts of data usually 
distributed widely over space or time. This can provide the necessary feedback needed to develop 
concrete understandings of probabilistic concepts. In creating an environment for learning probability, 
it is therefore natural to consider computational tools ([9]). 

The choice of the MatCos programming environment is motivated by its specific didactic 
characteristics ([10], [11], [12]). 

The virtual simulation through the practice of programming is a constructive and cognitive activity as it 
enables the student to acquire skills, strategies and techniques to solve problems using the concepts 
of variable, procedure, repetition and recursion, which are also, transversal concepts to other school 
subjects ([13]). The transition from experience to the construction of meaning takes place after the 
actual simulation through the implementation of simple algorithms, implemented in the programming 
environment MatCos ([14]).  

                                                        
1 In many curricula and standards document: Common Core State Standards in Mathematics (CSSI) 2010, The Ministerio de 

Educación, Cultura y Deport (MECD) 2014, National Council of Teachers of Mathematics (NCTM) 2000. 
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In Fig.1 it is showed the cycle of the design-based research. 

 
Fig. 1. Cycle of design-based research. 

The steps help students to get a clearer picture of how different situations can be modelled by 
probabilities, and how the various connotations of the concepts influence the model and its 
interpretations. Specifically, the activity is oriented towards: 

• Approach “from the bottom” to the concepts of probability to reach formalization. 

• Relevance of group work to promote active participation and peer interaction; 

• Role of the teacher in observing, interpreting and taking initiative at different stages of the 
activity. 

2.1 Assignment of Task 
Giovanni works in a small factory, which produces metal objects to be assembled.  

Last month the factory machinery was replaced; a machine for the production of bolts with 
a diameter of 0,5 cm was purchased.  

The new machine makes 11 bolts a minute.  

Giovanni soon realizes that the new machine is defective: every 11 bolts made, 2 are 
defective. So he wants to understand what happens if after one minute from the start of 
production he takes a bolt made by new machine. 

What is the probability that the bolt taken is defective?  

In the case in which Giovanni decides to collect 2 bolts, would the probability to find at least 
one defective bolt remain the same? 

After reading the text, the teacher guides a discussion aimed at the understanding of numerical and 
other data, of the questions posed by the problem, at the identification of useful versus useless data, 
at clarifying the meaning of the terms (e.g. ‘at least’), which carry a special semantical relevance for 
the understanding, and solution of the problem.  

Such a process of verbalisation is important from the cognitive point of view, and represents a first 
step towards the formalisation of the problem; at the same time, from the constructive viewpoint it 
becomes a bridge towards the next phase ([15]). 

2.2 Real Simulation Task 
The teacher subdivides the class into groups handing out to each group a black cloth bag containing 
11 bolts identical in shape and made of the same material; after that, the teacher asks to elaborate on 
the problem recording the results onto a table.  

To carry out the real simulation - which involves drawing one bolt from a set of 11 bolts of which 2 are 
defective - the students must apply a strategy to distinguish the defective bolts from the non- defective 
ones. For example, they could identify the 2 defective bolts with different colors from the others, or 
mark them with an indelible pen. 
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Once they have chosen a strategy, each group of students simulates the drawing of the bolt for 25 
consecutive times (number of repeated trials suggested by the teacher) and records the results on a 
double entry table and/or a bar diagram. 

This activity is used to build up a frequentist interpretation of probability; at the same time it clarifies 
one key idea of probability: when estimating a known probability, the variability of estimates gets 
smaller when the sample size increases. 

After making 25 consecutive trials, the students compare the data obtained noting that they conflict 
with each other since each group got different results; at this point, the teacher starts a guided 
conversation in order to simulate discussion and conjectures.  

At the end, everybody agrees that in order to obtain more meaningful results you need to make a fairly 
large number of repeated trials, but to do so would take a long time; from here, the need for a tool to 
support the teaching action, emerges to simulate a large number of repeated tests in a reasonable 
time period. 

2.3 Analysis of Mathematical Task 
The real simulation constitutes an important occasion to highlight the ability to switch from the plane of 
reality to that of mathematics, but in order for the teaching to contribute to a real understanding of the 
concepts and a solid acquisition of them, the use of computer as programming tool, acquires great 
importance because it is a method, "a mental place" where students have a real chance to explore 
mathematical concepts, to formulate conjectures to be validated or refuted, and then to continue the 
experience ([14]). 

Statistics investigates the information from one sample and summarizes it using single numbers and 
graphical displays. Probability takes the role of a mediator as it supplies a justification for a 
generalization beyond the initial data. The information extracted from the data by using statistics can 
only be generalized by inferential methods that are established by probability model ([16]). 

The use of the programming environment MatCos facilitates computations and the production of 
graphical representations of data. Thus, students use methods such as fitting a variety of models to 
interpret random phenomena. 

Fig.2 shows a solving scheme finalized to the identification of defective bolts. 

 
Fig. 2. Solving Scheme. 

2.4 Task solution through computer programming 
From Fig.2 it is apparent that numbers 1 and 2 are associated to the defective bolts.  

The probabilistic model is made explicit and reviewed in a logical sequence thanks to the algorithm; 
furthermore, the use of a programming environment like MatCos adds value because it helps the 
students the students to reinforce their skills in handing mathematical language ([11], [12]).  
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The steps of the algorithm are: 

Step 0 Assignment: (Simulation number). 

Step 1 Initialization: (counter for the number of favorable cases). 
Step 2 Cycle (simulation of n consecutive trials) 

- Generation of random number , between 1 and 11 
- Control action: if (  then do 

 Increase counter . 

Step 4  Print action: . 
Step 5 Graphic representation: histogram of the absolute and relative frequencies (Fig.3). 

The algorithm is easily implemented in the programming environment MatCos. 

Code MCS1 

readnumber("number of simulation"); 
cf=0; 
FOR (i from 1 to n) DO; 
   a=int(Random(1,11.99)); 
   IF ((a=1)o(a=2)) THEN DO; 
      cf=cf+1; 
   END; 
END; 
print(cf); 
Histogram(cf, n-cf); 
Histogram(cf/n,1-cf/n); 

 
Fig. 3. Output of simulation for n = 500. 

From one of the computer simulations (Fig.3) it is apparent that the relative frequency of the event 
“draw a defective bolt” in 500 repeated trials is 0,18. 

2.5 Analysis of Task Solution 
The students now proceed to the algebraic solution of the set problem and compare the results with 
the numerical values of the relative frequencies obtained in output. Summing up, considering the 
event: 

A = “Draw a defective bolt, drawing the bolt from a collection of 11 bolts, 
of which 2 are defective” 
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The number of favourable cases related to the event A is: . 

The number of possible cases related to the event A è: . 
So, the probability of the event A is:  

 
From comparison of the results obtained in output with theoretical ones, the students realize that when 
the number of repeated trials increases, the value of the relative frequencies gets closer to the real 
value of the probability. 

2.6 The last question of Task 
The first question has now been answered, but the second is still standing: 

In case Giovanni decides to take 2 bolts, will the chance to find a defective one remain the same? 

At this point it is enough to make some changes to the previous algorithm.  

The steps of the algorithm and one output are reported. 

Step 0 Assignment: (Simulation number). 

Step 1 Initialization: (counter for the number of favorable cases). 
Step 2 Cycle (simulation of n consecutive trials) 

- Generation of random number , between 1 and 11 
- Generation of random number , between 1 and 11 
- Control action: if (  then do 

 Increase counter . 

Step 4  Print action: . 
Step 5 Graphic representation: histogram of the absolute and relative frequencies (Fig.4). 

Code MCS2 
n=readnumber("number of simulation"); 
cf=0; 
FOR (i from 1 to n) DO; 
   a=int(Random(1,11.99)); 
   b=int(Random(1,11.99)); 
   IF (((a=1)o(a=2))o((b=1)o(b=2)))THEN DO; 
      cf=cf+1; 
   END; 
END; 
print(cf); 
Histogram(cf, n-cf); 
Histogram(cf/n,1-cf/n); 
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Fig. 4. Output of simulation for n = 500. 

From one of the computer simulations (Fig.4) it emerges that the frequency of the event “draw at least 
one defective bolt in the drawing of two bolts” in five hundred repeated trials is 0,314. Therefore now 
we must proceed to solve the second question algebraically and compare the results with the 
numerical values of the relative frequencies obtained in output.  

The solution can be obtained in the following two ways. 

2.6.1 1st  

E = “Draw at least one defective bolt, drawing 2 bolts from a set of 11 bolts,  

of which 2 are defective” 

The event E is compounded by three events: 

E1 = “From the drawing of 2 bolts from a set of 11 bolts, of which 2 are defective,  

the first turns out to be defective ” 

E2 = “From the drawingof2 bolts from a set of 11 bolts, of which 2 are defective, 

the second turns out to be defective ” 

E3 = “From the drawing of 2 bolts from a set of 11 bolts, of which 2 are defective,  

both turn out to be defective” 

So:  

 

2.6.2 2nd 

The event complementing event E: 

EC = “From the drawing of 2 bolts from a set of 11 bolts, of which 2 are defective,  

both turn out to be non defective” 

So: 

 

At this point the students by now have all the necessary information to answer the second question, 
which requires a comparison of the probability of the two events: event A and event E. 
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From such comparison it becomes apparent that: . 

3 CONCLUSION 
A traditional teaching approach based on structured lessons and simple exercises can miss the goals 
of developing probability literacy and fail to make sense from concepts and procedures for students. 
Therefore it is important to plan and experiment new modalities for the teaching of probability, bearing 
in mind the potential of new technological devices. 

This paper presents an alternative working mode to support probability education.  

The educational objective of the author is to stay clear of abstract, formal, definitions of unfamiliar 
concepts of which there is no need yet. 

A need that will not arise instantly, but only through repeated and convincing experiences and 
examples, otherwise essential concepts like the ability to see, understand, apply in each new field will 
not be acquired, but only words devoid of meaning. 

The computer – suitably utilized in class practice - favors repeated and pervasive trials relative to 
experiences of exemplifications. The use of MatCos environment to simulate a random phenoma is in 
keeping with the constructionist model of learning - that a particularly felicitous way to build strong 
mental models is to produce computational constructs which can be debugged by the learner - ([17]). 

At the same time, the pedagogical utilities of design-based research integrated by computer 
programming are that: 

• Specific computer generated example can be constructed to provide motivation for the more 
general concepts to fellow; 

• Inclusion of computer code within the allows the reader to interpret the random phenomena; 

• Computer simulations for to illustrate and reinforce important concepts; 

• Real-world problem can be described a ‘solved’ by implementing the solution code. 

In definitive, to articulate a model of a probabilistic concepts through programming can lead to rich 
insights into the nature of probabilistic such as randomness. In contrast to consumers of pre-packaged 
didactic software, the students who construct computational models are afforded the opportunity to 
refine their models through debugging. 
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