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Abstract 
Mathematics is a frequent subject of many debates, especially in relation to the process of education. 
One of the questions in the mathematics education is working with pupils who require some 
educational or pedagogical attention. An example may be pupils who are mathematically gifted or 
talented. Working with these pupils is generally very demanding because it requires specific 
educational help. The interest in educating such pupils is still increasing, as it is logical that the 
development of their talents is essential for society as a whole. One of the ways how to develop these 
skills is through non-standard types of mathematics tasks. These tasks develop pupils' logical and 
combinatorial thinking, promote their perception of spatial relationships and point out the context of 
mathematics with everyday life. The intention to include such tasks in the teaching of mathematics is 
also to point out the usability, playfulness and interestingness of mathematics, thus encouraging pupils 
to enjoy mathematical discovery. Solving non-standard mathematics tasks is not always dependent on 
knowledge so it is a new educational situation for pupils who are usually used to the familiar 
algorithmic solution of common tasks. Similarly, the tasks require more difficult cognitive operations 
and place high demands on the competences of the teacher, who must be able to direct pupils to the 
solution in the spirit of constructivism and give them an opportunity and space to find their own 
solution.  

Describing of the educational situation when pupils dealing non-standard mathematics tasks, is an 
important issue of this paper as well as describing teachers' approach to work with this kind of pupils. 
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1 INTRODUCTION 
Although mathematics, including language and natural sciences, are the main areas of each education 
system, those areas do not guarantee the development of all skills (competences) that today's pupils 
will need in adult life. Many of the world's leading experts agree that the core of key competencies for 
life and work in the future world is not only the acquisition of basic literacy (i.e. linguistic, mathematical, 
science), but (above all) the ability to solve non-standard tasks and problems in which elements and 
concepts are interconnected not only from mathematics but from different fields, requiring different 
representations and different solutions. 

For this reason, although non-standard tasks and problems are primarily conceived as part of 
mathematical education in some curricular documents, their application is often universally 
interdisciplinary. It does not mean there would be a little scope to solve non-standard problems in 
school subjects, but that the solution to these problems is nowadays increasingly seen as a separate 
area of human activity, which can be well distinguished from discipline-related areas (primarily 
mathematics) with which specific skills are associated. [1] 

2 THEORETICAL BASIS 
In the theoretical context, we must define the concept of an educational situation that we understand 
as "a specifically defined compliance of external circumstances, time-limited, during which an 
individual is exposed to particular influences on which responds in some way". [2] An educational 
situation represents a specific time and place constraint in which an individual is exposed to the 
teacher's influences having their specific learning objective, to which the pupil responds in some way. 
Similarly, we can cite a definition as "part of the learning process defined by time, place, and content 
of teaching". [3] 

The core of any educational situation is usually a learning task that can be defined as a “didactic 
construct, whose assignment encourages the pupil to solve a particular problem to lead the pupil's 
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learning and develop his competences”. [3] Defining the role of teaching can generally be regarded as 
a "challenge to action". In this case, the mathematical learning task is a challenge to mathematical 
action. For example, a mathematical learning task is a linear algebraic equation with one variable,  
a word problem task with a subject from the field of financial mathematics, or a non-standard 
(problem) task requiring the discovery of a solution strategy, etc. [4] 

2.1 Characteristics and typology of mathematical problems 
Due to the terminological inconsistency of individual authors in the use of terms, the term problem 
must be understood subordinate to the term of mathematical problem, or mathematical learning 
problem. The term problem in mathematical teaching refers to the task of a problematic character, 
which assumes a greater share of activity and ingenuity. Solving the problem (problem, "non-standard" 
tasks) requires a creative approach to solving the problem. There are usually three phases of problem 
resolution: orientation-analytical (active processing, problem situation modelling), strategic-operational 
(hypothesis formation, method, solution strategy) and synthetic-verification (hypothesis validating). [5] 
The teacher knows from his teaching experience that learning tasks and their solutions are an integral 
part of teaching that is applied at all stages of the learning process to achieve learning goals. [6] 

There are several typologies of mathematical learning tasks in the literature. In accordance with the 
classification of tasks in terms of the level of creativity of the solver in the solution, we can distinguish 
(with some simplification), standard mathematical learning tasks – where known formulas, rules or 
procedures (algorithms) are used to solve – and non-standard (problem) learning tasks where known 
methods and algorithms are not enough to solve them. 

In the context of labelling of non-standard task, similar attributes are often offered as unusual, 
interesting, motivating, challenging, and innovative. The term “non-standard” may lie in a delay 
between the description of a particular type of task and its general acceptance by the teaching public 
and subject-related didactics. 

Non-standard tasks can be viewed from two perspectives: 

• A non-standard task, whose content corresponds to the reality of society, technology and level 
of knowledge; 

• A non-standard task indented solely for motivation, for the purposes of supplementary materials 
or mathematical olympiads, competitions and various circles and other activities for gifted 
children. 

In general, non-standard tasks in mathematical education represent an unconventional topic that aims 
to develop logical and combinatorial thinking of pupils, to promote their perception of spatial 
relationships and to point out the usability, playfulness and interestingness of mathematics, and 
encourage pupils to enjoy mathematical discovery. [7]  

The solution of non-standard tasks and problems represents the ability of an individual to use 
cognitive processes to solve real cross-curricular situations in which the solution is not immediately 
apparent. Such tasks focus on assessing skills rather than knowledge, and except interconnections 
from different subjects, they also place emphasize on linking between school curriculum and real-life 
situations that pupils encounter in everyday life. [1] In addition, these tasks are set in situations that 
are usually not part of the curriculum and are not commonly found in school textbooks. 

Therefore, since solving non-standard types of tasks in mathematics may not always be dependent on 
the knowledge and skills of school mathematics in specific educational situations, these mathematical 
problems lead to capture and activity of less successful pupils in mathematics and, on the other hand, 
more complex and challenging problems motivate the gifted pupils. [7] 

2.2 Solving non-standard mathematical tasks 
One of the possible educational situations that a teacher can create is an educational situation 
focused on solving non-standard mathematical tasks. When creating or selecting specific non-
traditional tasks, the teacher should pay close attention to the fact that the tasks are not unilaterally 
focused and cover, as far as possible, the full range of the most common problem situations and skills 
needed to successfully solve them. [1] The pupils then have to solve the (mathematical) problem, 
search for and discover the method, the solution method, because their previous experience of solving 
the task is not possible or sufficient. The process of solving a task is usually not known, the solver is 
often looking for a way to the result in an original way. Solution of non-standard, resp. problematic 
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tasks requires deep concentration, invention and time. According to the authors [8], the motivational 
aspect is especially important. In terms of humanistic education, it contributes to the creation of  
a stimulating learning environment, promotes and develops student self-confidence and self-
confirmation, prefers positive evaluation by both teachers and classmates. Therefore, motivational 
issues as a challenge to creativity are an important factor in the effectiveness of mathematical 
education. 

Solutions and the creation of non-standard tasks are usually considered suitable for working with 
gifted or extraordinarily gifted pupils, because they develop knowledge, metacognition and motivation. 
[9] The “Level of Heuristic” of non-standard tasks is a typical example, when it is necessary to 
consider not only the task itself but also the competence of the solver. For some pupils (given the age, 
individual abilities, level and scope of preliminary mathematical knowledge and the means by which 
they are equipped), a certain task is non-standard – "heuristic", for others its solution is only a routine 
matter. A task one pupil solves based on a known algorithm or a known theory, may require creative 
effort of another pupil. 

Non-standard tasks and problems in mathematical education do not mean tasks as difficult but as 
unusual (both by entering and by way of solution) and are also suitable for pupils' research activities. 
During solving such tasks, the pupils' individual solutions should be respected and appreciated if the 
solutions are correct and, in an appropriate way (e.g. supplementary questions), correct pupils' 
practices that are not correct or accurate. Also, complex tasks from practical life have a non-standard 
character in which different areas of mathematics are interlinked. In solving practical tasks, we use 
specific experiences of pupils from everyday life as well as from different areas of their interests (sport, 
technology, nature, art, etc.), which increase the motivational value of tasks. The authors [10] also 
point out that tasks (e.g. cascades), in which difficulty is increased gradually, also have their room in 
educational practice. 

Pupils' competence to work independently with data, their ability to use mathematical tools to solve 
real life situations, is seen as a significant manifestation of mathematical literacy. Estimating, proving, 
modelling – used to interpret natural phenomena and predict their development – should become the 
core of mathematical education already at primary school as an important component of the 
development of mathematical thinking. [11] 

Polya [12] presents four basic stages of the problem-solving process that can be suitably applied to 
solving non-standard tasks. We distinguish: 

a) understanding the issue that it considers to be key: „It is foolish to answer a question that you 
do not understand“; 

b) linking individual information and data in a task assignment that aims to create a "solution plan"; 
c) the solution itself (the implementation of this set plan); 
d) Evaluating or interpreting the result in terms of "view / step back". 

According to Hejný [13], individual stages of solving a non-standard problem can be named as a level. 
There are five of them: the level of grasping the situation, the level of gaining insight into the situation 
of the task, the level of finding and determining the strategy of the solution, the level of implementation 
of the solution (calculation) and the level of interpretation of the result. 

Hejný and Stehlíková [14] cite that in a situation of insufficient understanding of the task assignment 
one of the following ways of responding of the pupil usually occurs: 

• resignation – the pupil will give up the solution, does not try the solution at all; 

• cheating – the pupil tries to get the solution without his own efforts, for example to copy it from 
his classmates; 

• random calculation – the pupil takes (sometimes only some) numbers from the assignment and 
"does something with them randomly"; 

• alternative grasp – the pupil's solution is based on "external motives". The motive is that  
a pupil receives some additional information, whether from a teacher or found in a task 
assignment ("signal", which is a word or phrase that has the character of an idiom that in the 
pupil's consciousness associates a certain calculation procedure). 

Non-standard learning tasks often have a divergent character, as opposed to convergent tasks, which 
predominate in traditional textbooks (90-95% according to Zelina and Zelinová [15]). Convergent tasks 
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require thought processes that use perception, differentiation, cognition, memory, analysis, synthesis, 
induction and deduction at the level of specific relationships, applying knowledge to a particular 
situation that is characteristic of the logical and algorithmic process leading to the correct conclusion. 

Solving divergent tasks requires divergent thinking that does not lead to one correct answer, but 
requires to generate as many suggestions, alternatives, or possible solutions strategies as possible. 
Divergent thinking, in addition to producing more alternatives, requires consideration of the 
implications of proposals, their value and accuracy. Evaluation and decision-making processes are 
also significant in solving divergent tasks. [15] Zelina & Zelinová draw attention to the paradox in this 
context, when very many tasks and situations we solve in practical life – from building relationships, 
through solving work tasks to everyday tasks such as dressing, leisure time, etc. – are divergent in 
nature; in contrast, convergent tasks dominate school education. 

According to Scholtz [16], typical non-standard learning tasks are combinatorial tasks. These tasks 
aim to develop key competencies, especially problem-solving competencies, by leading the pupil to 
"developing combinatorial and logical and critical thinking and comprehensible and substantive 
argumentation through solving mathematical problems". Dvořáková further explains [17] that 
combinatorial tasks can also be used to realize and develop interdisciplinary contexts, such as 
ciphers, Morse code, flag colourfulness, coin changing, dressing or classroom children seating. 

In this context, Makrides [18] uses the term open-ended tasks and emphasizes the importance of 
using them in working with gifted pupils (according to this author, their typical feature is an above-
average ability to understand mathematics and to think mathematically, not only the ability to perform 
mathematical calculations and getting good grades from mathematics). Another important 
characteristic of appropriate tasks for gifted pupils is the difficulty, which is a challenge for these 
pupils. It is necessary to present challenging tasks that develop knowledge, metacognition and 
motivation. 

One of the forms of work with non-standard learning tasks, especially with gifted pupils, is the variation 
and alone creation of tasks. In accordance with Tollinger [19], asking questions and formulating tasks 
classifies to the highest category of her taxonomy, in a group of tasks requiring creative thinking. 
School practice confirms that the creation or modification of tasks is one of the activities by which 
mathematical teaching can be significantly enriched. Sarrazy [20] states in this context that "belief in 
pupil's creativity is essential for teachers, but this pedagogical humanist belief often leaves them 
helpless when it comes to creating conditions for mathematical creation: mere will is an ineffective 
weapon to fight with ignorance and pupils’ misunderstanding”. In doing so, it is possible to use 
different ways to specify pupils' assignments for task creation. Pupils can create tasks that contain 
predefined numbers (tasks with a given mathematical model), can create tasks related to a given topic 
[21], tasks related to the story, a given image, or a real situation. [22] According to Novotná [23], in the 
actual creation of tasks, pupils get into a new role when they become the creators from passive 
recipients of assigned tasks by teachers or textbooks and approximates the very nature of 
mathematical activity. 

Tasks are given to pupils by their mathematics teachers, but they can also be used in independent 
homework. Above all, students with talent for mathematics can choose for themselves, estimate their 
possibilities and confront the chosen solutions. Attempting to detect some of the typical strategies that 
pupils have used to solve and the mistakes they have made can inspire teachers to reflect on pupil 
performance and correct the simplified teacher's judgments about their abilities and skills. Subsequent 
analysis of pupils' solutions non-standard tasks can become a new instrument of a more accurate, 
apposite evaluation based on a thorough knowledge of pupil's individuality. It can help the teacher to 
diagnose hitherto undetected potencies and correct teachers present' ideas. [24] 

3 RESEARCH 
There are various international researches that evaluates learning outcomes of pupils. One of the 
researches, whose main focus is on the skills and knowledge that students will need for life in modern 
society (in a way, success of solving non-standard tasks and problems) is the PISA (Programme for 
International Student Assessment). The program takes place at international level and examines the 
level of learning outcomes of 15-year-old pupils (i.e., pupils at the age where they usually end their 
compulsory mathematics education). The research is conducted under the auspices of the OECD and, 
at regular three-year intervals, identifies the level of reading, mathematical and science literacy of 
pupils. 
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The PISA mathematical literacy assessment focus mainly on the extent to which pupils are able to use 
mathematics to solve a variety of situations from everyday life. Their successful solution assumes 
knowledge of mathematical terminology, facts and procedures, and the ability to perform mathematical 
operations precisely because there are usually tasks where mathematical content is not immediately 
obvious, requiring creative combining of individual elements of mathematical subject, depending on 
the requirements of the particular situation. [25]  

Specifically, mathematical literacy was defined as „the ability of an individual to identify and 
understand the role that mathematics plays in the world, and to make the well-founded judgements 
and decisions required in life by constructive, engaged and reflective citizens “. [25] 

Table 1 shows that the average of achieved results in mathematical literacy in OECD countries is 
gradually decreasing. [26] The range of mathematical literacy in PISA research is divided into six 
levels. These levels reflect how advanced mathematical skills pupils have and how difficult tasks they 
can handle. Based on PISA, the range of points 483–544 (in which the OECD average) means “the 
ability of pupils to execute clearly describe procedures, including those that require sequential 
decisions. They can select and apply simple problem-solving strategies. Pupils at this level can 
interpret and use representations based on different information sources and reason directly from 
them. They can develop short communications reporting their interpretations, results and reasoning”. 
[25] 

Table 1. Mathematical literacy in PISA research 

Research OECD average 
2000 500 

2003 500 

2006 500 

2009 496 

2012 494 

2015 490 

Several recent research [27] focused on the mathematical literacy of the PISA program showed that 
pupils of OECD countries handle algorithmic mathematical tasks, but the problem of many countries' 
pupils (e.g. the Czech Republic) is such mathematical tasks as non-standard, problematic, with cross-
curricular connections and requiring creative solutions. One of the reasons for the failure of many 
pupils in problematic mathematical problems is the approach of pupils to mathematics, which is rather 
negative in the Czech Republic. This fact is often associated with an overall low willingness of pupils 
to solve these problematic tasks. [28] 

The problem, and at the same time the possible cause, of the low success rate of pupils (several 
OECD countries) in these tasks is that mathematical education is very often unilaterally oriented 
primarily on the formation and subsequent consolidation of algorithmic practices that pupils learn on 
model examples (standard tasks). The learned template methods then lead pupils to a thoughtless 
application of the method being taught. The teacher deduces the algorithm on the model example (at 
best in cooperation with pupils) and the pupils acquires the solution of several similar tasks. The 
teacher deliberately chooses type-like tasks to consolidate a given algorithm for the faster acquisition. 

3.1 Examples of non-standard mathematical tasks 
Within this chapter, we can present non-standard learning tasks [29] in which pupils use logical 
reasoning and combination judgment and find different solutions to the presented or examined 
situations. The tasks are based on the International Mathematical Kangaroo Competition: 

Task 1: Five cards are lying on the table in the order 5, 1, 4, 3, 2. You must get the cards in the order: 
1, 2, 3, 4, 5 (look at the picture). Per move, any two cards may be interchanged. How many moves do 
you need at least? 

A 5 B 4 C 3 D 2 E 1 
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Figure 1. Task 1. 

The solution of the problem is based on a (thought) experiment, which can be accompanied by  
a written record of the individual steps of replacement the cards. Characteristic is the absence of 
mathematical concepts and known numerical procedures, but also the "arrangement" of a task with  
a graphical representation of the initial situation. Replacing three cards (answer C) lead to the correct 
solution, which can be written down as follows: 5 1 4 3 2 ® 2 1 4 3 5 ® 1 2 4 3 5 ® 1 2 3 4 5. 

The divergent nature of the task provides an opportunity for finding and discovering, following 
discussion and argumentation of the pupils (e.g. can there be other solutions?). 

Task 2: With which square do you have to swap the question mark, so that the white area and the 
black area are the same size? 

 
Figure 2. Task 2. 

This is a closed task with a choice of 5 answers. The correct answer is B based on a comparison of 
the black and white squares – to the three white ones, a third black one should be added. 

Task 3: Thor has seven stones and a hammer. Every time he hits a stone with the hammer it breaks 
into exactly five smaller stones. He does this several times. Which of the following numbers could be 
the number of stones he may end with? 

A 17 B 20 C 21 D 23 E 25 

Also, a closed task with a choice of 5 answers. The correct answer is D based on an arithmetic 
progression with common difference 4 (7; 6+5; 5+5+5; 4+5+5+5; …).  

4 CONCLUSION 
The non-standard task aims to motivate pupils and develop their thinking and mathematical skills. 
These tasks go beyond the classical (framework) teaching of mathematics. Finding methods of 
solution can be more valuable to developing pupil's thinking than the correctness of the solution. This 
is interconnected with the assessment of the pupil's solution, which should be solved by the self-
reflection of the pupil or by the method of verbal evaluation, by means of which it is possible to focus 
more on the evaluation of the process itself than the final result.  

Regular inclusion of non-standard tasks in mathematical teaching is a suitable instrument for the 
development of pupils' personality. Also, non-standard tasks are used to identify gifted pupils for 
mathematics in order to maintain interest in mathematics and to develop the mathematical abilities of 
talented pupils, for example for further study. This may lead to an improvement in the school climate 
and to increasing the popularity of mathematics as a school subject. [29] 

The primary aim of this paper was to define the basic concepts related to solving non-standard 
problems in mathematical education through the educational situation. The paper was complemented 
by the results of the PISA research, which regularly evaluates the level of education in specific literacy 
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of 15-year-old pupils in OECD countries, and sample examples of non-standard tasks. Although it is 
primarily up to the teachers, how non-standard tasks will be included in mathematical education, we 
can conclude that all world authors generally agree on the need to include these types of tasks in 
teaching and their generally positive impact on pupil motivation. 
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