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Abstract 
The idea is to make mathematical subjects more tangible and inclusive by folding origami and giving the 
possibility to see the beauty of mathematics in an artistic perspective. To reach this aim, we designed a 
STEAM project in an Italian school, from kindergarten to high school. For each class, we chose an 
artwork of a famous artist and we invited students to reproduce some special elements of the painting 
using origami model. During the folding process, we developed math lessons about a specific math 
topic. At the end of the lesson, students covered part of the painting using these models. The artistic 
production will be part of an exhibition. We present in this paper the details corresponding to the sessions 
with a 5th degree class, that choses the painting Olive Trees with Yellow Sky and Sun from Vincent Van 
Gogh. 
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1 INTRODUCTION 
The origin of the use of origami in mathematics education is first found in Germany, driven by Friedrich 
Froebel, who introduced it at kindergarten in the early nineteenth century. 

A sample of the scope of the use of origami and the depth of Froebel’s work is described in [1]. Origami 
was also introduced in the subsequent grades of early education and spread from Germany to the rest 
of Europe, Japan and North and South America, but unfortunately its use started to decrease after some 
decades. It is thought that the improper use of it was partly the cause of its decline. It may have been 
treated as a rigid tool without imaginative and creative folding activities. In the last decades, origami has 
been re-instigated, becoming more and more used around the world. 

Recent researches use this tool to make easier the learning of mathematics within the branches of 
geometry, in all its extension plane and spatial, synthetic and analytic, axiomatic geometry, of logic, and 
also of algebra [2], [3], [4]. Some of them allow a physical and palpable representation of ideas and 
mathematical concepts, others also help to improve the competences. 

The relation between origami and art is quite clear. Many artists, like Eric Joisel, Akira Yoshisawa, 
Tomoko Fuse, Robert Lang, create beautiful and impressive models. But the approach to art we suggest 
in this work is a little bit different.  

During the 2018-2019 scholastic year, we designed a vertical STEAM project, where art, origami and 
mathematics meet. Each class of an Italian school, from kindergarten to high school level, chose a 
painting from a famous artist. After that, we selected some parts of the painting in order to cover them 
with origami models and focusing on two main goals. On one hand, these models, correctly adapted to 
the painting, make a three-dimensional image of the painting giving an artistic result. On the other hand, 
these models allow us to illustrate a mathematical lesson about a specific topic, working on concepts 
and competences requested at this age range in many educational systems. 

At the end of the scholastic year, all the artworks will constitute an exhibition; we want may people to 
actively participate to the event, folding paper and touching models folded by students. 

In this paper we describe the specific work we did with the 5th grade class, where teacher and students 
chose Van Gogh's artwork “Olive trees with yellow sky and sun”, see Fig. 1. We chose to cover three 
parts of this painting: the trees, the sky and finally the sun.  

The project was articulated in three sessions of two hours each and, at the end of each session, students 
covered part of the painting using these models. 

In Section 2 of this paper, we describe the general methodology we used in our lessons and we list the 
specific mathematical topics we introduced and the skills we want to develop. Then, in Section 3, we 
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sketch the main focus of each lesson combined with its model. Finally, we conclude collecting some 
remarks at the end of this experience. 

 
Figure 1. The decorated painting (Photo credits: S. Crosta). 

2 METHODOLOGY 
In this section we explain some general aspects of the methodology we use for these mathematical 
lessons. Following the “learn by doing” strategy, teachers and students fold origami models and explore 
these cognitive artifacts (see [5]) in two different ways: 

• during the folding process. In fact, the folding process itself contains a wide range of mathematical 
information. For example, it allows to underline figures geometric properties and geometric 
transformations. This is exemplified in the activities related to Sonobe module (see 3.2);  

• at the end of the folding process. The final model is a visualization of a concept, as the 
Pythagorean Tree (see 3.1) or it has interesting properties, like the magic circle (see 3.3). 

In all cases, the models allow to visualize and make tangible some geometric or algebraic concepts. 

Even more, all these activities give the students the chance to apply their mathematical knowledge in a 
different context. It improves their mathematical reasoning ability. The approach to activities is through 
problem solving. 

The principal difference with other types of approaches is that through touching, moving and folding, 
students can observe, deduce, proof, verify and compare. It improves their math skills. 

Our method allows children to improve both general and specific skills in each lesson. In fact, all the 
experiences work on transversal skills as: vocabulary and mathematical expression, visualization and 
tangibility of particular geometric concept, problem solving. Moreover, each lesson introduces concepts 
and invites children to develop cognitive processes and perform specific concepts and peculiar skills. 
Table 1 collects the principal mathematical topics, concepts and skills treated during the lessons we 
proposed in this project.  

Teachers can choose to propose some moments of cooperative learning, collecting students in groups 
or otherwise potentiate the autonomous observation and deduction. 
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Table 1. Summary of the principal math concepts and skills developed for each lesson  
(The skills with * are common to Sky and Sun) 

Covered 
Elements/ model 

Mathematical 
topic Concepts/ Process Skill 

Tree/ 
Pythagorean tree 

Number and 
powers 

Powers of 2 
Formula of the sum of powers 

Deductive reasoning 
Establishment of conjectures and 
hypotheses 
Group working, cooperative learning 
Visual image of powers (in particular 
2^0) 

Sky/ 
Sonobe Module 

Geometry and 
measurements 

Fraction 
Names of polygons 
Perimeter, area and volume 
(concepts and formulas) 
Polygon’s Regularity 

Autonomy  
Recognition of regular and irregular 
forms 
2D/3D geometry* 
Comparison, estimations, calculations 
and use of calculator* 

Sun/ 
Magic Circle 

Geometry and 
measurements 

Angles 
Apothem of a polygon and of a 
pyramid  
Circumferences as limit of 
regular polygons 
Formula of perimeter an octagon  

Use of properties of geometrical 
transformations* 
Generalization of formulas 
Introduction to formal language 
Introduction to real numbers 

Naturally, teachers can use the models and lessons in an independent way, without covering any 
painting and they can use the proposed activities to perform other mathematical elements (for example, 
Pythagorean tree can be used to introduce graph and Magic circle to propose a lesson on different kind 
of triangles).  

3 ACTIVITIES 
In this section we describe the mathematical lessons associated to each model that we had used to 
cover a part of the drawing. In each subsection teachers can find: the description of the model, the 
instructions to fold the model and suggestions for the mathematical lessons and for upholstering the 
painting with the origami models.  

3.1 Tree and natural numbers’ powers 

3.1.1 The model 
In [6], Albert Bosman proposed an algorithm to construct a fractal tree using the Pythagorean Theorem 
(for suggestions about this Theorem, see https://www.mathsisfun.com/pythagoras.html). This beautiful 
fractal was proposed in origami by several authors (see, for example a model by F. Mancini, 
https://www.flickr.com/photos/mancinerie). Here we give a new modular model, very easy to fold starting 
from usual paper size.  

3.1.2 Folding instructions and material 
The tree is composed by modules, folded starting by the usual A series paper size. First of all, we give 
instructions to fold every module and then we list the number and the size of sheets required to compose 
the tree. We suggest that, at the beginning, children fold an A5 or A4 paper in order to learn the model. 

Fig. 2 shows the folding passages. The only point that should be explained carefully to children is the 
passage 5. In fact, after folding the two little rectangle triangles on the top, children have to push the 
external legs inside, obtaining a pocket as shown in passage 6.  
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Figure 2. Folding process of tree module (Photo credits: E. Tramuns). 

The tree is constructed by levels as shown in Fig. 3(a). We suggest fold 4 iterations of this fractal, i.e.  
levels from 0 (the trunk) to 4 or 5 because, from level 6 on, the sheets to fold are too small. For each 
level these sheets are necessary: Level 0 – 1 sheet A3, Level 1- 2 sheets A4, Level 2- 4 sheets A5, 
Level 3- 8 sheets A6, Level 4-16 sheets A7. Assembling and gluing the modules, you get the final result 
as proposed in Fig. 3(b).  

 
Figure 3. (a) How to compose levels 0-3 (Picture from [CS]); (b) the final result until level 5  

(Photo credits: S. Pieraccini). 

3.1.3 Mathematics lesson 
We show how to use the tree to reinforce the concept of powers of natural numbers (starting from the 
case of base 2). In particular, we give a visualization of the rule 20=1 that for children is quite difficult to 
understand. In [2] and [3] a detailed lesson about powers is shown. We repeat here the main idea. 

Activity 1. The first step is that all students learn how to fold the model using also a recycled paper (A5 
size). Then teacher sketch on the blackboard the project of the tree and invite children to count how 
many modules they need to complete each level. Teacher can fill, discussing level by level, a table as 
Table 1. 
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Table 2. Number of modules for each level (the red power will appear only after the discussion). 

Levels Number of modules 

0 1=20 

1 2 = 21 

2 4= 2x2= 22 

3 8=2x4=2x22=23 

4 16=2x8=2x23=24 

5 32=2x16=2x24=25 

The way to write numbers using powers can be discussed with the class and finally, students can 
observe that, to pass from one level to another, they have to compute the next power of 2. It seems that 
number 1, corresponding to the trunk, is the only number “out of this rule”. From our experience, children 
find easier to welcome 1 in the rule, putting 1= 20.  

Activity 2. Teacher can also ask about the total number of modules that children need from level 0 to 
level n, n=1,2,3,4…, looking for a general rule involving power of 2. 

They can observe that, for example, for levels 3 and 4 they get: 

20+21+22+23=1+2+4+8=15. 

20+21+22+23+24 =1+2+4+8+16=31. 

It is not so hard to find out that 15= 24-1 and 31=25-1. So, they can deduce the general rule: 

20+21+22+23+…+2n = 2n+1-1, for n >=0.  

More ideas. 1) Teacher can use the tree to introduce binary numeration; 2) teacher can propose to the 
class the construction of a tree representing powers of 3 or other bases; 3) teacher can use the tree to 
generalize Pythagorean Theorem (see https://en.wikipedia.org/wiki/Pythagorean_theorem): each 
module can be split into and isosceles rectangle triangle plus a rectangle and the area of the rectangle 
of level n is the sum of areas of two rectangles appearing in level n+1.  

3.1.4 Art application 
Students fold many modules of different shades of green and brown and they cover the big olive in the 
painting, see Fig. 1. The number and the size of these modules depend on the poster size. Moreover, 
using the same modules, children can invent other models. 

3.2 Sky and polygons 

3.2.1 The model 
Sonobe module is an origami module that appeared for the first time at the paper “New initiation to 
origami” of Mitsunobu Sonobe, created by the authors Group of creative Origami '67'. The authorship of 
the model remains unknown, but it was named after Mitsunobu Sonobe. By the years, creators have 
seen the potential of this module and designed several models based on it, in particular polyhedra (e.g. 
[7]). 

3.2.2 Folding instructions and material. 
Teacher can give to the students two squared papers, one of the appropriate size for the painting and 
the other for the mathematics lesson. Fig. 4 shows the folding process. 

For models we have to glue on the painting there is one more fold needed: the decreasing diagonal of 
the central square at the last step. 
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Figure 4. Folding process of Sonobe Module (Photo credits: E. Tramuns). 

3.2.3 Mathematics lesson 
We propose in this part four different activities. The first three focus on perimeter and areas from different 
points of view: tactical proofs and formulas to see that all the approaches match. The fourth activity 
concerns the volume and at the end we suggest more ideas for teachers. 

Once the students have learned how to fold the module by heart, they take another paper. Before folding 
the Sonobe module again the teacher tells the instructions of the first maths activity.  

Activity 1. In each step of the folding process, describe the type of shapes/polygons you see, while you 
fold. 

Table 3. Polygons during the folding process. 

Step Final shape Shapes without reopening the fold  

1 Square Rectangle 

2 Square Rectangles 

3 Pentagon Triangle, pentagon and hexagon 

4 Rectangle Rectangle, trapezium, pentagon 

5-6 Pentagon Triangle, trapezium, pentagon, hexagon and heptagon 

7 Pentagon Triangle, trapezium, pentagon, hexagon, heptagon, octagon 

8 Trapezium Triangle, trapezium, parallelogram, hexagon 

9 Parallelogram Triangle, trapezium, hexagon 

10 Parallelogram Triangle, trapezium 

11 Square Triangle 

It would be very helpful for students to reproduce the forms in their notebooks. 

Activity 2. Describe the perimeter and area of the shapes in each step without computing, just relating 
to the size of the initial square. Justify your answers by moving the paper and using geometrical 
properties that origami movements show. If the answer cannot be exact, make a comparison. 

Since there are a lot of steps, we justify answers for steps 1,2 and 3. Remember that, while some 
answers are unique, the argument to support them is not unique. 

Let L, Ps and As be the side, the perimeter and the area of the initial square, respectively. 

Step 1. When we fold, we overlap two similar rectangles. The perimeter of a rectangle (PR) will be the 
perimeter of the square less the length of one side, because we overlap two halves of sides. PR = Ps -
L. 
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By the same arguments, the area of each rectangle (AR) is half the area of the initial square and the 
crease we obtain is an axe of symmetry of the square. AR = As /2. 

Step 2. We can overlap this new rectangle with the previous one, so it has the same perimeter and area. 

Step 3. At this step, there is a triangle, a pentagon and a hexagon, with perimeters PT, PP and PH and 
areas AT, AP and AH respectively.  

Perimeters. By previous steps we know that marked bigger rectangles are a quarter of the initial square. 
Their sides have lengths L and L/4. Moreover, the triangle is rectangle, because one of its angles 
matches with the initial square and isosceles because it is constructed as half of a square. Thus, we 
know that two sides have length L/4. For the remaining side, if we don’t know Pythagoras theorem, we 
can just compare side lengths. By bringing one side to the hypotenuse we see that it is shorter than the 
hypotenuse, so we can say that PT >3/4L. 

Since the pentagon and the triangle have the hypotenuse of the triangle as common side, we get PP>2L 
+2·3/4L+1/4L=15/4L. 

The perimeter of the hexagon is the same as the perimeter of the square, that is PH =4L. 

Areas. The area of the triangle is half the little square. This square is 1/16 the initial square, so AT = 1/32 
As. 

The area of the pentagon is the area of all the square less the area of the triangle that is AP =As -1/32As 
=31/32 As. 

The area of the hexagon is the area of the square less the area of the little square that is AH = As -1/16As 
=15/16 As. 

Activity 3. Measure with a ruler the side of the initial square, then calculate the results of the previous 
activity inserting the side values, without using new formulas.  

For example, if L=15 cm, then Ps =60 cm and As = 225 cm2. At Step 1 the answers are PR =4·15-15=45 
cm and AR =225/2=112,5 cm2. 

At Step 3, PT >3/4·15=45/4=11,25 cm and AT =1/32·225~7,03 cm2. 

PP >15/4·15=225/4=56,25 cm and AP =31/32·225~217,97 cm2; PH =45 cm and AH =15/16·225~210,74 
cm2. 

Remark that we could obtain a polygon whose perimeter would be bigger than the perimeter of the 
square, but we cannot obtain a polygon with area bigger than the square. 

Activity 4. with the formulas of areas and perimeters of polygons, check the results obtained in Activity 
2. 

Step 1. PR =2B+2h=2·15+2·7,5=45 cm and AR =B·h=15·7,5=112,5 cm2, that are equal to the previous 
answers. 

Step 3. PT >15/4·3=11,25 cm and AT =B*h:2=15/4·15/4:2~7,03 cm2 

For the pentagon and the hexagon, since they are not regular, we don’t have a specific formula neither 
for perimeter nor for area. But students can split the figure into the sum of four rectangles and one 
triangle. 

For some students it is important to check that everything matches. It gives them confidence in the 
methodology they prefer, or they feel more comfortable to use. 

Activity 4. Build a cube using Sonobe modules. Instructions are available at [7]. How many ones do you 
need? Which is the area of the sides of the cube related to the size of the initial square? And the volume? 

Each module is a face of the cube, so we need 6 modules. The central part of the module is composed 
by four triangles. Overlapping one of these triangles with the triangle at step 3 we see that they are 
congruent. The area of the face is then 4·1/32 As =1/8 As and the volume of the cube is 1/8 As ·L. 

More ideas. 1) Teacher can propose to the class to compare lengths and areas of shapes they find at 
different steps and order them to practice the order of decimal numbers; 2) students can check the 
particularities of polygons in terms of sides, angles, and regularity. 
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3.2.4 Art application 
To decorate the poster students glue modules of different shades of yellow and light blue. Moreover, 
students can try to make combinations with two, three or four Sonobe modules and observe what 
happens, which types of models they get. 

3.3 Sun and pyramids 

3.3.1 The model 
The magic circle, whose original name was kurum-kurum, is a modular module designed by Hiroshi 
Kumasaka. It is a so called “action model” because it can change its shape by rotating; Fig. 5(steps 10-
a and 10-b) and Fig. 6(a) show three different configurations. The original diagram is not so easy to find 
(see [8]), but teacher can look at many videos in the web.  

3.3.2 Folding instructions and material. 
Each student folds her/his own magic circle for the mathematical lesson (and for fun!). Then, all together, 
they fold the magic circle that then they glue on the poster. We need 8 squared sheets for each student, 
of any colour, and 8 more yellow square sheets for the last magic circle (size length from 10 to 15 cm). 

Fig. 5 shows how to fold each module and how to connect the eight modules.  

 
Figure 5. (a) How to fold each module (steps 1-6) and how to connect them (steps 7-10)   

(Photo credits: E. Tramuns). 

3.3.3 Mathematics lesson 
We propose two activities, one of 2D geometry and the other of 3D, and we give some ideas to continue 
them. We base our remarks on Fig. 6. 

 
Figure 6. (a) another possible magic circle configuration; (b) a pyramid obtained by one module;  

(c) unrolled magic circle; (d) open model for maths lesson (Photo credits: M.L. Spreafico). 
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ª Activity 1. The octagon. 

Bring the magic circle to visualize an octagon in the superior face, as showed in Fig. 5 (Step 10-b).  

i)  Students can check that it is a regular polygon: it has all the edges of the same size and all the angles 
of the same ampleness, because it is obtained by connecting eight equal modules. 

ii) Moreover, students can compute the ampleness of angles. In fact, the octagon is divided into 8 
isosceles triangles. By origami construction, the angle in the vertex of each of those triangles is 45 
degrees ample (see steps 4 and 5 in Fig. 5); and so, each angle of the octagon is the sum of two base’s 
angles of the triangles and its ampleness is of 180-45 =135 degrees. 

iii) To deduce the length of edges is a little bit difficult. Teacher can choose if measure it directly using 
a ruler or compute it using formulas. In this last case, students have to know the relation between the 
edge L of a square and its diagonal: d=(sqr2)L (where sqrt2 is the square root of 2). To proceed, reopen 
one of the modules as shown in Fig. 6(d). Let set AB=L the length of the edge of the initial square. We 
have to compute JJ’= 2HJ= 2(HA-JA), with JA the diagonal of the small square of edge KA. Referring 
to Fig. 6(d), we can remark that OH=L/2 and OA= (sqrt2)L/2.  Moreover, OK=OH=L/2, because they 
overlap folding paper along OJ. We deduce that KA=OA-OK= (sqr2)L/2 – L/2 and so that JA=KA(sqr2)	= 
L-(sqr2)L/2. Finally, JJ’= (sqr2	-1)L. 

iv) The perimeter P is now easy to compute, either if students measure the edge with a ruler or if they 
make the previous computation: P= 8(sqr2	-1)L. 

v) To compute the area A of the octagon, it is a good idea to open the magic circle, as in Fig. 6(c): it is 
evident that the area A is the sum of the areas of the eight isosceles triangles. A= 8[(JJ’xOH):2] = (8JJ’x 
OH):2= (P x L/2):2. It is interesting to underline that OH plays an important role and it is called the 
apothem of the octagon.  

More ideas. 1) Teacher can extend Activity 1 by investigating the concept of apothem for other regular 
polygons; 2) teacher can invite students to discuss about this fact: the model we fold is called magic 
circle, but it is a magic octagon. Students receive a sheet with some regular polygons on it (as triangle, 
square, hexagon, octagon). Using compass, they can draw the circumferences circumscribed to each 
of them and observe that the bigger the number of the edges is, the more the polygon fills the circle. 
They can also deduce the formula of the area of the circle, generalizing what they found for the octagon: 
AC = [PC x R]:2, where AC, PC and R are the area, the radius and the perimeter of the circle, respectively. 
Remark that in the case of the circle the radius and the apothem are the same. 

ª Activity 2. The pyramid.  

Let us consider only one module as in Fig. 6 (b). Students can describe the 3D shape: it is a pyramid 
with square base. They can discuss how to obtain the lateral surface (SL) of the pyramid and the total 
one (ST), supposing to close the square at its bottom. Students can remark that they have to compute 
the area of four triangles (SL) and of a square (for the ST). In order to do it, they need to know the lengths 
they found in Activity 1. In particular, they have to know the apothem, which is very well marked on the 
model as a fold obtained during the folding process. In this case they have the possibility to touch and 
to visualize this geometric element. Collecting the previous computations, they obtain: 

SL= 4[(JJ’ x OH) :2] = (4JJ’ x OH) :2 = (PB x OH):2, where PB is the perimeter of the square, base of the 
pyramid. To have SL it is enough to add (JJ’)2. 

Remark that, in both activities, we called L the edge length. In the class, we suggest teachers to use 
unit, for example: L=15cm, and they observe that P and PB are expressed in cm and A, SL and ST are 
expressed in cm2, as in section 3.2.3. 

More ideas. Teacher can also introduce the volume of the pyramid. She/he can give the formula and 
then children can compute the height of the pyramid or by using the Pythagorean Theorem or simply by 
inserting a stick inside the model until the vertex, marking the high with a pencil and measuring the 
length with a ruler.    

3.3.4 Art application 
To complete our steam project, students fold a yellow magic circle and glue it in the poster (see Fig. 1). 
Each student can fold its own magic circle with coloured paper and can decorate it.   
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4 CONCLUSIONS 
In this paper we describe a STEAM project in which origami tool is used both to teach mathematics and 
to realize an artwork. The project involved all classes from kindergarten to high school and we presented 
here the lessons and artwork related to a fifth-degree class. The use of origami in math lessons allows 
to develop general mathematical skills and propose arguments from another of view. Even more, we 
give teachers ideas they can explore and develop according to their desires and needs.    

We want to emphasize that this experimentation has been very appreciated by children and teachers. 
The use of origami involved students a lot, and teachers observed that even those who had more 
difficulties in mathematics participated actively during the lesson, feeling more confidence with maths 
and enjoying a lot. Students can show and explore another type of abilities that they are unable to show 
with traditional approaches to mathematics; for example, they can justify mathematical properties only 
by using paper and objects, only by moving and superposing the paper. These facts encourage us to 
design new projects in the future. 
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