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Abstract 
The aim of secondary school mathematics teaching is, in addition to acquiring the pupil's common 
knowledge and skills, to teach the student independence in learning and the ability to solve problems. 
This article wants to show how problematic tasks can be used in teaching mathematics to help pupils 
learn these skills. It also shows how a method of exploration can be used to solve mathematical 
problems by which pupils can discover new contexts, knowledge, and learn themselves. Examples of 
problem-solving are demonstrated here on specific examples. The aim is to show how these heuristic 
methods can be used in teaching mathematics. The ability of pupils to solve problems independently 
can also influence their overall relationship to mathematics and their further school and professional 
practice. 
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1 INTRODUCTION 
The aim of modern mathematics teaching is not only to acquire the necessary knowledge and skills, 
which are defined by educational plans, but also to acquire skills that are useful for the further 
development of the pupil and his practice. In summary, this is referred to as pupil competence 
development. One of the pupil's competences, which is characterized by the National Institute for 
Education [8], is the development of pupil's competence to solve problems. 

Therefore, in mathematics teaching, problem solving is an important aim of teaching, as a pupil can 
learn to solve tasks to which he does not know any solving procedure or instruction yet. In addition, he 
can apply these techniques to other natural sciences that use mathematics as a tool, as [13] writes. 

[12] puts the problem solving method into heuristic teaching methods. In doing so, the pupil solves the 
tasks independently, the teacher controls it and manages it appropriately. Teacher´s control and 
management are needed here, pupils cannot be left entirely to themselves. The degree of 
independence of pupils in solving problems can be different. The autonomy of pupils' work is an 
important feature of heuristic teaching methods, and the degree of independence is then characterized 
by how much the pupil is involved in the teaching and how much the teacher is involved. 

As [12] writes, on the one hand, there are scientific-research methods, where student independence is 
greatest, and on the other hand, there are monological methods in which the teacher interprets the 
new matter to the students in a finished form and they passively adopt it. Heuristic teaching methods 
are among those that assume greater active student participation.  

By using the heuristic method1, the pupil goes through the process of discovery of knowledge, partly 
by helping the teacher and partly by himself. This process begins with the identification of the problem 
and the formulation of the hypotheses, continues with exploration, its execution, and the processing of 
the results, the interpretation of the results, and the conclusions of the hypothesis tested. 

Thus, in the heuristic method, the pupil is actively involved in finding, discovering the knowledge to 
learn. The knowledge is created by the team work of the teacher and the pupils, and the degree of 
self-participation of a pupil can vary. According to [5], the teacher directs the process of discovering 
knowledge through questions and instructions, or by choosing aids, rewording, etc. This divides the 
process into larger or smaller steps in which the pupil works actively and independently. 

 
1 „Heuristics (heuriskó - to find, discover) is a tricky solution for which we do not know an algorithm or a more precise method. The 

heuristic solution is often only approximate, based on an educated guess, intuition, experience, or just common sense.“ 
(http://cs.wikipedia.org/wiki/Heuristika). 
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2 PROBLEM AND ITS STRUCTURE 
According to [1], the problem is a situation that has open questions and to which we do not know 
solutions or algorithms according to our previous knowledge. 

There are many possibilities and strategies that can be used to solve problems. One of them is the 
research approach described by [4]. The research approach is a method that allows pupils and 
students to experiment, solve their own problems and solve mathematical problems. [5] uses 
mathematical discovery process to solve problems and designates it as a research approach. He 
argues that a research approach is a method by which a teacher can teach mathematics, but it is also 
a method by which a pupil or student can learn mathematics. 

[3] explaines that the problem is a situation in which we are to achieve any aim, but the direct path to 
the solution is unknown. He says that in solving mathematical problem we should use mathematical 
concepts and principles to find the answer.  

[5] shows a problem has its internal structure and consists of three main components: 

1 The starting situation in which we describe the circumstances and gives us information and data 
2 The target the solver wants to achieve, ie. the final situation. 
3 The way from the starting situation to the aim, which may or may not be obvious to the solver, 

or achievable.  

The schematic representation of the problem structure is, according to [4], as follows: 

 
Figure 1: Problem solving scheme 

[4] uses the process of mathematical discovery to solve problems and identifies it as a research 
approach.  

As a good way to solve problems, [5] considers experimentation. When solving a mathematical 
problem, we know the target, so we know what we want to find, and we look for the way, so we 
experiment. Then we try to formulate the result of experimentation and formulate a hypothesis. Finally 
we can prove the hypothesis and the result is a mathematical theorem or the answer. 

According [5] the research process scheme looks like this: 

Specified situation - experimentation - hypothesis - hypothesis verification - proof of hypothesis - 
renaming hypothesis to sentence. 

3 PROBLEM SOLVING STRATEGIES 
The solution to the problem has, according to [8], four phases. At first we have to understand the 
problem, then we need to create a plan, then we have to make it happen and finally we must look 
back. 

The use of heuristic strategies in the problem solving process is described, for example, by [9], [10] 
and [11]. The student's ability to choose an appropriate heuristic strategy does not only depend on the 
learning environment, but also on the pupil's disposition and approach to solving the problem, says [2]. 
For example, [8] or [9] discuss the selection of appropriate heuristic strategies. They describe 11 
strategies that can be used to solve problems. Conversely, [2] describes six heuristic strategies that 
are most suitable for solving problem. 

Problem-solving strategies describes [5], who explaines that the most important research strategies 
are systematic experimentation, attempt – error, estimation - verification – correction. Among the other 
strategies for use in school practice he ranks algebraic path or equation or set of equations, geometric 
path or sketch image. 
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4 EXAMPLES OF PROBLEM SOLVING USING DIFFERENT STRATEGIES 
We will show the strategy of systematic experimentation to solve the following problem, in which the 
task is to find a formula for the partial sum of the series. A prerequisite is the ability to work with rows 
and knowledge of proof by mathematical induction.  

4.1 the partial sum of the series 
Problem 1: Find the formula for the partial sum sn of the series  
1
1 ∙ 4 +

1
4 ∙ 7 +⋯+

1
(3𝑛 − 2)(3𝑛 + 1) +⋯ 

Solution: The recurrent expression of the sequence (sn) is: 

𝑠. =
.
.∙0

; 𝑠1 = 𝑠12. +
.

(3124)(315.)
     for = 2, 3, 4, … . 

We will use systematic experimentation: 

We calculate the first few partial sums of a given sequence and insert them into the table (Table 1). 

n = 1  𝑠. =
.
.∙0
= .

0
 

n = 2  𝑠4 = 𝑠. +
.
0∙8
= 	 .

.∙0
+ .

0∙8
= 4

8
 

n = 3  𝑠3 = 𝑠4 +
.

8∙.:
= 	 4

8
+ .

8∙.:
= 3

.:
 

Table 1 

n 1 2 3 4 … n 

𝒔𝒏 1
4 

2
7 

3
10 

4
13 … 

𝑛
1 + 3𝑛 

By examining Table 1, we find that the numerators of the numbers in the second row are: 1, 2, 3, 4,… 
generally n. The denominators are: 4, 7, 10, 13,…, generally 1	 + 	3𝑛 (see second line, last column) 

Hypothesis: (∀𝑛 ∈ 𝑁)𝑠1 =
1

.531
 

Proof by mathematical induction: 

Now we determine the two formulas we use in the proof: 

𝑠1 =
1

.531
 ;  𝑠15. =

15.
.53(15.)

= 15.
3150

  

𝑎15. =
1

(3(𝑛 + 1) − 2)(3(𝑛 + 1) + 1) =
1

(3𝑛 + 1)(3𝑛 + 4) 

Now we will do the proof by mathematical induction: 

1.  For 𝑛 = 1 we get: 

𝑠. =
1

1 + 3 ∙ 1 =
1
4 =

1
4 ∙ 1 = 𝑎. 

2.  We prove that it is true 

(∀𝑛 ∈ 𝑁) B𝑠1 =
1

.531
Þ	𝑠15. =

15.
0531

C  

Let n be any natural number ≥ 1, for which the inductive assumption holds 𝑠1 =
1

.531
 . Then: 

𝑠15. = 𝑠1 + 𝑎15. =
1

.531
+ .

(315.)(3150)
= 1(3150)5.

(315.)(3150)
= 31E5015.

(315.)(3150)
= (315.)(15.)

(315.)(3150)
= 15.

3150
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Thus we confirmed the hypothesis and we can rename it to a sentence. 

Sentence: (∀𝑛 ∈ 𝑁)𝑠1 =
1

.531
 . 

We have shown the whole process of solving the problem from finding the hypothesis, verifying it, and 
proving it by mathematical induction. 

In the next example we will show the solution of the problem, taken from [5], where the solver uses 
two strategies, a reformulation strategy and a strategy of using an auxiliary element. 

When using this strategy, we reformulate the given problem to a new, sometimes completely different 
problem, which is easier for us to solve and whose solution is either the solution to the original 
problem or the solution to it. We will show this strategy to solve the following problem. 

4.2 divisibility of the polynomial 
Problem 2: Let p be a prime greater than 3. Show that the number 𝑝4 − 1 is always divisible by 24. 

Solution: First we decompose the quadratic binomial 
𝑝4 − 1 = (𝑝 − 1)(𝑝 + 1). 

Now we use a mathematical trick to get three natural numbers that follow. Between 𝑝 − 1 and 𝑝 + 1 
we put p as a new element in the solution. We will get 𝑝	– 	1, 𝑝, 𝑝	 + 	1, which are three consecutive 
natural numbers. Therefore one of them must be divisible by 3, and the prime (𝑝 > 3) divisible by 
three cannot be. Therefore, it is divisible by three one of the numbers 𝑝	– 	1 or 𝑝	 + 	1. Since the prime 
number 𝑝	(> 	3) is odd, then the numbers 𝑝	– 	1 and 𝑝	 + 	1 are both even, so they are both divisible by 
two and one of them is even divisible by four . Therefore, the product (𝑝 − 1)(𝑝 + 1) must be divisible 
by the product of numbers 3, 2 and 4, ie 24. 

During the solution, we inserted a new element p to the original expression 𝑝4 − 1. So we solved 
which natural numbers are divisible by three consecutive natural numbers 𝑝	– 	1, 𝑝, 𝑝	 + 	1 where p is 
a prime number greater than 3. therefore we used a strategy for insertion auxiliary member. Such 
modified assignment, we already know how to solve. 

Another important strategy, according to Kopka (2013), is the graphic representation strategy, or the 
geometric path. It is a very used strategy because it usually allows you to create a very visual 
geometric idea. We will show this strategy to solve the problem in which a square is to be inscribed in 
a triangle. 

4.3 Inscribing a square in a triangle 
Problem 3: Inscribe a square in a triangle so that each of its vertices lies on either side of the triangle. 
The triangle ABC is given. Inscribe the KLMN square in this triangle so that the KL side lies on the AB 
side, the M lies on the BC side and the N lies on the AC side. 

 
Fig. 1 

Solution: We may not be able to construct a square that satisfies all the conditions immediately. 
However, if we omit the condition that "the vertex M lies on the BC side", then we can construct such a 
square K1L1M1N1 easily (see Fig. 2). Just inscribe it in the BAC angle. Our search square will be with 
this square coincident with the center point A. Therefore, the point M will lie at the intersection of the 
AM1 ray with the BC side. This point M will be one vertex of the square, the other vertices of the 
square will lie on the sides AC and AB.   
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Fig. 2 

Experimenting: Pupils can proceed here by experimenting. Thea construct more squares inscribed in 
the BAC angle (see Figure 3). All the vetices Mi lie on the ray. This observation is generalized.  

Hypothesis: All the vertices of the Mi squares KiLiMiNi lie on the ray passing through point A. The 
intersection of the AM1 ray with the BC side is the vertex of the M square to be searched. 

 
Fig. 3 

To solve this problem, we used the strategy deletion condition. We omited the condition that each 
vertex must lie on one side of the triangle, so we could reach the solution through the KiLiMiNi sub-
squares. 

The strategy of deleting the condition or strategy of simpler cases is a heuristic strategy that can be 
successfully used in planimetry, as Kopka (2013) writes. The point is that if we are unable to fulfill all 
the required conditions in solving the problem, we will remove one of them, thus simplifying the 
problem and making it easier to solve. Then we add the deleted conditions again. 

4.4 Generating polynomial sequence  
The necessary input knowledge of the students is that they know the introduction to sequence theory 
and series and know the proof by mathematical induction. Experimentation should be used when we 
have a sequence given recurrently and we want to express the n-th member using the variable n. 

Problem 4: Sequence (an) is given recurrently: a1 = 3; an+1 = an + 2n + 2. Express it with the formula 
for its n-th member.  
Solution: We calculate the first few members of our sequence. 
Systematic experimentation: 
For 𝑛	 = 	1, 2, 3, 4, 5… we calculate the first few members of our sequence and write them into the table 
(Table 2). We will examine these members and try to decompose them so that the decomposition 
shows the relation for the given member in relation to the number n that indicates the order of that 
member. This step will probably be the most difficult part of the whole solution because it requires 
some arithmetical experience and students will need some help from a teacher.  
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Table 2 

n an decomposition edited decomposition 

1 3 3 1·1+2 

2 7 3+2·1+2 2·2+3 

3 13 7+2·2+2 3·3+4 

4 21 13+2·3+2 4·4+5 

5 31 21+2·4+2 5·5+6 

6 43 31+2·5+2 6·6+7 

n   n·n+(n+1) 

Hypothesis: (∀𝑛 ∈ N)	𝑎1 = 𝑛4 + (𝑛 + 1) 

Proof 1: Proof by mathematical induction 
1. We prove that the hypothesis is true for 𝑛 = 1. 

o it applies, see previous experimenting with the results in the table 

2. Now we have to prove that if the formula is valid for n, then is true for 𝑛	 + 	1 

(∀𝑛 ∈ N)	[𝑎1 = 𝑛4 + (𝑛 + 1) ⇒	𝑎15. = (𝑛 + 1)4 + (𝑛 + 2)] 

Let n be a certain natural number for which the induction assumption holds, that is, 𝑎1 = 𝑛4 + (𝑛 + 1). 
Then 

𝑎15. = 𝑎1 + 2𝑛 + 2 = 𝑛4 + (𝑛 + 1) + 2𝑛 + 2 = (𝑛4 + 2𝑛 + 1) + (𝑛 + 2) = (𝑛 + 1)4 + (𝑛 + 2) 

In the modifications we came out from the definition of (𝑛 + 1) − 𝑡ℎ member. For the expression 𝑎1 we 
used the induction assumption 𝑎1 = 𝑛4 + (𝑛 + 1), we modified the final shape and obtained the shape 
which we wanted to prove.  

Thus we proved by mathematical induction that our sequence can be expressed by the formula 𝑎1 =
𝑛4 + (𝑛 + 1), we can convert the hypothesis to a sentence.  

Sentence: 
	(∀𝑛 ∈ N)	𝑎1 = 𝑛4 + (𝑛 + 1) 

Finally, we will show a problem in which systematic experimentation is used to solve the problem and, 
in addition, we will use the internet to find a list of prime numbers from 0 to 10000. This can be an 
interesting element for pupils, because it also supports an interactive approach to teaching. 

4.5 The greatest common divisor 
It is assumed knowledge of prime numbers and finding the greatest common divisor. 

Problem 5: Determine in the set N all natural numbers of the largest common divisor of all numbers 
83150 − 331, where 𝑛 ∈ N.   

The solution: we must discover the greatest common divisor and prove in the next steps that it is 
really the greatest common divisor. 

We will now use the systematic experimentation strategy. 

In the first phase we have to use experimentation to find out which numbers we substitute for 𝑛	 = 	0, 1 
into the given expression. We insert the results into the table (Table 3). We divide the obtained 
numbers into the product of prime numbers.  
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Table 3 

n 83150 − 331 Decomposition to prime numbers 

0 4095 3·3·5·7·13 

1 2097125 5·5·5·19·883 

From Table 3 we can see that when the results obtained after substituting the numbers 0, 1 for n into 
the considered expression are divided into prime numbers, the largest common divisor can be only the 
number 5. We can substitute the number 2 for n and calculate one more table row (Table 4).  

Table 4 

n 83150 − 331 Decomposition to prime numbers 

2 1073741095 5·7·29·937·1129 

When decomposing the obtained results to prime numbers, we recommend the students to use an 
available Internet address with a link to search for prime numbers is  

http://www.dostudujte.cz/matematika/cisla/prvocisla. 

At this moment, the author recommends using a spreadsheet program to create a simple formula 
(Table 5) when finding the prime numbers. In the formula, we will divide the original number 
sequentially by numbers 2, 3,… up to a reasonably high number and look for a result where the result 
will be an integer. In our example it will be 1057873 = 937·1129. The numbers 937 and 1129 are 
already prime numbers and are written in the third column of Table 4. 

Table 5 

number n "=number/n" 
1057873 1 1057873 

 2 528936,5 
 3 352624,3333 
 … … 
 936 1130,206197 
 

937 1129 
 938 1127,796375 

This process will save us a lot of work and may be a welcome by students, because they will certainly 
appreciate using IT. 

Hypothesis: 
	(∀𝑛 ∈ N)	5|(83150 − 331) 

Proof: Proof by mathematical induction. 
1. We prove that the hypothesis is true for n = 1 

o it applies, see previous experimenting with the results in the table 

2. Now we have to prove that when the formula is valid for n, then is true for 𝑛	 + 	1 

(∀𝑛 ∈ N)	5|(83150 − 331) ⇒ 	5|(83(15.)50 − 33(15.))  

Let n be a certain natural number for which the induction assumption holds, that is, 5|(83150 − 331). 
Then 
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83(15.)50 − 33(15.) = 831 ∙ 83 ∙ 80 − 331 ∙ 33 = 83 ∙ 83150 − 83 ∙ 331 + 331 ∙ 83 − 331 ∙ 33
= 83 ∙ (83150 − 331) + 331(83 − 33) = 83 ∙ (83150 − 331) + 485 ∙ 331	 

The shape (83150 − 331) is divisible by 5 according to the induction assumption, therefore the first 
addition is divisible by 5. The second addition contains the number 485, which is divisible by 5, so the 
second addition is divisible by 5.  

Thus we proved that the number 5 is the greatest common divisor of the expression 83150 − 331, 
where 𝑛 ∈ N. 

Therefore, we can rename this hypothesis to a sentence. 

Sentence: 
	(∀𝑛 ∈ N)	5|(83150 − 331). 

5 CONCLUSIONS 
The article Using problem tasks to develop the pupil's skills in high school mathematics shows how 
heuristic teaching methods can be used in high school mathematics lessons. In the theoretical part we 
have shown the structure of the problem tasks and what strategies can be used to solve them. We 
mentioned basic solving strategies and their characteristics in solving problems.  

In the practical part, we showed on selected problems how to solve problem examples and how some 
strategies can be used to solve problems. For the solved examples, we showed all the phases of the 
solution, including the proof.  

In solving the examples, we have shown that the most commonly chosen problem-solving strategy will 
be experimentation, and especially systematic experimentation. But some other strategies can be 
useful too, such as the strategy for reformulating the problem or using an auxiliary element. 

All these problem solving examples have shown that problems can be used in mathematics teaching. 
In solving such tasks, students can develop their ability to solve problems independently and discover 
new knowledge themselves. Thus they can participate in the teaching process. This is one of the aims 
of the modern concept of teaching. Independence in problem solving helps students in other sciences, 
and in their further study or practice.  
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