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Abstract 
During the practical training at the primary school, authors, one of which is the student of teacher 
training programme, prepared a small experiment for pupils of the sixth and eighth grade of basic 
school, i. e. for 11 – 12 and 13 – 14 years old children. 

It comprised of four tasks related to representation of solids in the plane and the spatial imagination. In 
the first two problems, pupils were expected to complete an image of a cube in cabinet projection with 
the angle of 45° and ratio ½. In the second two tasks, children worked with the image of building made 
from two rectangular boxes in the same projection and its views. 

In the paper, there are analyzed the results of children’s efforts. They are divided to several groups 
according to the degree of success in the solutions. The evaluation brought the surprising fact 
regarding the front view of the building. The sample of 45 sixth grade and 28 eighth grade pupils 
enabled some comparison, which is also included. 

Keywords: representing solids; tasks; lower secondary school; cabinet projection; cube; rectangular 
box. 

1 INTRODUCTION 
Solids, their sketching and representing are the standard part of mathematical curriculum at lower 
secondary schools in the Czech Republic (the level 24 according to ISCED 2011, International 
Standard Classification of Education). Pupils meet images of solids at least since they enter the school 
in their textbooks on mathematics. These are usually made in cabinet projection, orthographic or 
rarely perspective projection. The method how to draw an image of cube and rectangular box in the 
cabinet projection (with the angle of 45°and the ratio ½) is usually given at the end of the 6th year of 
compulsory school attendance. Sometimes the multiview projection on the two planes at right angle to 
each other, i. e. Monge’s approach, is introduced to schoolchildren. The same techniques are used for 
right prisms (7th year), cylinder (8th year), pyramid and cone (9th year).  

2 METHODOLOGY 
At the beginning of March 2019, one of the authors visited the 31st primary school in Pilsen and 
submitted four tasks to 45 pupils of two classes (6th grade) and 28 pupils of the 8th grade. The first task 
was preparatory for the second one likewise the third one was for the fourth one. Therefore the pupils 
were given a chance to grasp what should they do in the second and forth tasks, and in what form the 
results are expected. Assignments of tasks are given bellow. 

2.1 Task’s Assignments 
The task 1 and 2, see Fig. 1, have the same assignments: “Complete the image of cube.”  

 
Figure 1. Task 1 and 2, incomplete images of cube. 

Proceedings of EDULEARN19 Conference 
1st-3rd July 2019, Palma, Mallorca, Spain

ISBN: 978-84-09-12031-4
5850



The third task is accompanied by the Fig. 2 and was taken with small changes from the source [1, 
p. 92]. Task 3: “Each of the children has drawn the building as he or she can see it. Match the 
sketches with the children.” 

 
Figure 2. Task 3, the situation and children’s sketches. 

An essential part of the last task is Fig. 3. Task 4: “Another building is built on the table. Sketch, what 
you can see if you sit on Adam’s, Bára’s, Celestýna’s and Dan’s place.”  

 
Figure 3. Task 4, the another building. 

2.2 Comments on Tasks and Solutions 
All solids (cubes and two-part buildings) are drawn in cabinet projection with the angle of 45° and the 
ratio ½. In the task 1, there is necessary to complete images of three edges, see Fig. 6. All of them are 
parallel to some visible edge. The lines 1 and 3 together with those two represented with dashed lines 
form the image of the back face of the cube. It should be a square in pupil’s solutions, since the back 
face of the cube is parallel to the image plane and so it is undistorted in the projection. Sixth grade 
schoolchildren did not know the rules for cabinet projection at the time of experiment. They are of 
course aware of the basic cube properties like parallelism of some edges and equality of their lengths. 
Pupils were not supposed to have a problem with the image completion. Inaccuracies in the location of 
the missing vertex were expected. The solution is considered to be accurate if the deviation in location 
of the unknown vertex is at most 6 % (2 mm to 30 mm – the length of the cube edge on a worksheet). 
This value is based on the information that preschool children are able to distinguish between a 
straight line of 20 and 21 cm, i. e. with an error of about 5 % ([2, p. 143]).  

 
Figure 4. Task 1, solution. 
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The task 2 is much more difficult. The images of only two edges are complete. Those of other ten 
edges are incomplete. Four of them lack more than half their length. Four vertices are unknown, two of 
them are connected with a missing line. But pupils had after finishing the task 1 a more or less precise 
cube image in the same projection, in the same size and on the same piece of paper. The solution is 
rated as correct if all four unknown vertices are close (2.5 mm, i. e. 8% deviation) to their right 
location. Moreover, the solution is regarded as incorrect if the shown part of line 1 or 7 is not 
lengthened. 

 
Figure 5. Task 2, solution. 

The third task is a preliminary for the last one. Given the image of building in cabinet projection, 
children are expected to match the orthographically projected images of the building with the place 
from which the projection was performed. Fig. 6 shows the solution. The ability to solve such problems 
results mainly from life experience and the success is not influenced by the curriculum too much.  

 
Figure 6. Task 3, solution. 

The task 4 requires more self-reliance and activity of solver. Depending on the strategy, pupils can 
draw a front, back, two side elevations of building and then assign them to sitting children. They can 
also choose a sitting child, identify themselves with his or her view and draw the image. In addition to 
this, the last task offers further questions on e. g. the accuracy of the drawn image, expression of 
proportions in the building, an order of images. The solution of the last task is given in the Fig. 7. The 
front and back elevations correspond to each other in the same way as the left and right side 
elevations. One can obtain the back view from the front one by flipping along the vertical axis. It is 
possible to get the Bára’s view from Adam’s one in the same way. 

 
Figure 7. Task 4, solution. 

2.3 Hypotheses 
It is easier to sketch a line parallel to another one not more than 3 cm apart, rather than sketch a line 
segment with the precise size of 3 cm. In addition, sketching such a parallel line (horizontal or vertical) 
is easier than for a skew one. These assumptions lead us to the first hypothesis connected with the 
task 1: the easiest is to draw the image of the edge 1, then that of the edge 3 and the most difficult is 
to precisely (as regards parallelism, length) represent the edge 2.  
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In the task 2, the images of the edges 2, 3, 5 meeting at the vertex III, and those of vertex IV are 
regarded to be easily performed. Except for the line 10 all these lines are situated on visible faces of 
cube in the projection. On the other hand lines 4, 7 and 8 meeting at the point I are expected to be 
problematic. The line 4 is completely unknown, only small piece of line 8 is shown, and the line 7 is 
invisible. 

Task 3 hypothesis: the plainest is to assign front view (Adam), and the most difficult is matching back 
view of Bára to the relevant sketch. The reasons are as follows. The front view is fully evident in the 
picture and is not distorted. The back view is hidden for an observer. 

For the same reasons it is assumed that the front view in the last task is the easiest one and the back 
view is the most demanding. We estimate the right view to be more often correctly performed than the 
left view. 

3 RESULTS 
In the following subsections, the results of the pupils are collected by task. The data are presented 
separately for the 6th grade and 8th grade schoolchildren and also together. 

3.1 Task 1 
Inaccuracies in the location of the unknown vertex were caused by non-parallelism of the line 1, 2 or 3. 
In some cases, the length of the line was the cause. Naturally the mistakes are not independent, since 
for example a huge error in parallelism of line 1 leads to non-parallelism of lines 2, 3 and/or their 
shortening or lengthening. The Table 1 shows the absolute and relative number of successful and 
unsuccessful solutions. In addition, the incorrect (inaccurate) solutions are divided into three groups by 
the edge, whose image is most deviated from the correct location. But it is not distinguished whether 
the error occurred in parallelism, length, or a combination of these issues. 

Table 1. Number of correct and incorrect solutions of the task 1, weighty errors in lines. 

 Pupils Correct Incorrect Correct Incorrect Line 1 Line 2 Line 3 

6th grade 45 27 18 60 % 40 % 15 1 2 

8th grade 28 23 5 82,1 % 17,9 % 4  1 

Both grades 73 50 23 68,5 % 31,5 % 19 1 3 

It can be seen from the Fig. 8 that the 8th grade children were significantly more accurate than the 6th 
grade ones in drawing the edge images of the first cube of Fig. 1. 

 
Figure 8. Task 1, percentage of correct solutions. 

The right image of the back face of the cube in the cabinet projections is a square. More than 90 % of 
schoolchildren drew the unknown vertex inside such a square, so they tended to shorten the lines. 
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More than half of all pupils used a ruler, which was not in some cases helpful but harmful. The 8th 
grade pupils used the ruler more often, in 64 % against 43 % of 6th grade children.  

3.2 Task 2 
In this task, it is difficult to locate the vertex I correctly. Children often considered the line 7 to be 
complete, the same for the line 1. Problems were also with parallelism and the length of the line 8. In 
this task, a new error concerning hidden edges appeared. The lines 7 and 10 represent hidden edges 
so they should be represented by dashed lines. Pupils either did not mark the line 10 at all, or did it 
with a solid line. In the Table 2, there are given numbers describing absolute and relative success in 
solving the task 2. The numbers of pupils who inaccurately mark one (the vertex I), two (vertices I and 
II, or I and IV), three (vertices I, II, III or IV) or all vertices are also listed. In the last column, there are 
numbers of children who solved the task correctly up to the marking of the hidden edges. 

Table 2. Number of correct and incorrect solutions of the task 2, number of wrong vertices. 

9 Pupils Correct / 
Incorrect Correct / Incorrect 1 

vertex 
2 

vertices 
3 

vertices 
4 

vertices 
Hidden 
lines 

6th grade 45 15 / 30 33,3 % / 66,7 % 13 8 2 2 5 

8th grade 28 10 / 18 35,7 % / 64,3 % 8 3 1 0 7 

Both grades 73 25 / 48 34,2 % / 65,8 % 21 11 3 2 12 

The results regarding those without any mistake are almost the same for both groups of 
schoolchildren, see the Fig. 9. The 6th grade children were surprisingly better in the hidden edges 
representation. 

 
Figure 9. Task 2, percentage of correct solutions. 

The rate of 8th graders who used a ruler increased to 2/3, while that of 6th graders decreased to 30 %. 

3.3 Task 3 
This task was the easiest one. In the monitored group of schoolchildren, only three 6th grade pupils 
made a mistake. One boy assigned the front view to Dan and the left side elevation to Adam. There 
seems to be no explanation for this confusion. Perhaps he assigned images randomly, because he did 
not manage to draw any of the four views in the task 4 correctly. One girl swapped the left and right 
side elevations, these are the views of Dan and Celestýna. Other one swapped the front and back 
view. We can guess that she was aware of the correspondence between them and failed in the left-
right orientation.  
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3.4 Task 4 
In the Table 3, the data are divided according to the number of incorrect views. It was an effort to 
capture somehow the kind of the errors. Arrows , ¯, ®, ¬ are successively used for the front, back, 
left and right view on the building. E. g. ¯3 means that three children were mistaken in the front and 
back view alongside. To simplify the record, in case of three errors it is used only one arrow indicating 
the only one correct view. Wrong views are simply the others. 

Table 3. Number and kind of the incorrect elevation of the building. 

 6th grade 8th grade Both grades 

Pupils 45 28 73 

0 wrong views  20 20 40 

1 wrong view 2    ¯4 1   ¯1 3   ¯5 

2 wrong views ¯3    ¯®4    ®1    ®¬1 ¯2 ¯5    ¯®4    ®1    ®¬1 

3 wrong views* ®1    ¬1 ¬1 ®1    ¬2 

4 wrong views 6 3 9 

Without attempt 2 0 2 
* The arrow show the only one correct view performed by the solver. 

The data in the table allows us to determine the distribution of the number of incorrect solutions 
among all four elevations. More than one third of the 6th graders mishandled the back view on the 
building. Surprisingly, the second badly done view was the front view. They best dealt with drawing the 
right side elevation. The 8th grade schoolchildren made roughly half of the errors compared to their 
younger mates. They made the same number of mistakes in the front and back view. Mistakes in the 
side elevations were nearly equally frequent and much less frequent compared to the front and back 
views. Some children tried to represent the building in the cabinet projection from the place of Adam, 
Bára, Dan, and Celestýna.  

A substantial discrepancy in the number of faultless solutions between solvers of the 6th and 8th grade 
is obvious from the Fig. 10.  

 
Figure 10. Task 4, percentage of errors. 

4 CONCLUSIONS 
The first hypothesis about the lines 1, 2, 3 in the task 1 have to be rejected. It is quite easy to estimate 
whether a given line is parallel to a horizontal or vertical line, we perceive the deviations from the 
parallelism well, but that does not mean that we are able to sketch the lines accurate enough. The low 
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number of errors in the lines defining the right face of the cube leads to the idea that also in the task 1, 
the right side view is somehow preferred to the front view. 

The most surprising findings is the high failure rate in drawing the image of building from the front. The 
table 3 shows that the front view appeared among the pupils with only one error. On the other hand it 
was not mentioned among the only correct views of children with three mistakes. Some worksheets 
show that it was difficult for the pupils to cope with the upper base part of the lower rectangular block, 
see Fig. 11. 

 
Figure 11. Task 4, samples of worksheets. 
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