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Abstract  
This paper presents an example of the solutions of elementary mathematical problems designed for 
high school students. The focus was on simple tasks of algebraic and geometrical kind, whose solving 
may lead to systems of nonlinear equations, in which variables are bound by special conditions. 
Symmetric polynomials are not a part of curriculum of high school mathematics, but students can 
already encounter Vièta's formulas at this level in the connection with the study of quadratic equations. 
From Vièta's formulas there is only a small step to the definition of symmetric polynomials and the 
derivation of Newton's formulas. A wide variety of examples can be solved by Newton's formulas 
together with Vièta's formula very easily and elegantly. New topics can bring the enrichment for high 
school mathematics mostly at schools with an extended teaching mathematics. 
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1 INTRODUCTION 
Various types of tasks can be encountered in solving problems in practice. Based on the analysis of 
the chosen problem, we decide which method is effective and "reasonable" for solving the problem. In 
this paper we will focus on simple geometrical problems whose solving can lead to systems of 
nonlinear equations in which unknowns are bound by special conditions. Due to these conditions it is 
possible to use symmetric polynomials. 

2 METHODOLOGY 
Symmetric polynomials are polynomials of n variables 𝑥", 𝑥$,… , 𝑥&, which have the property that if any 
of the variables are interchanged, the polynomial is not changing. For easier form let's define 
elementary symmetric polynomials as follows: 

𝜎"(𝑥", … , 𝑥&) = 𝑥" + 𝑥$ ⋯+ 𝑥& 

𝜎$(𝑥", … , 𝑥&) = 𝑥"𝑥$ + 𝑥$𝑥- ⋯+ 𝑥&."𝑥& 

⋮ 

𝜎&(𝑥", … , 𝑥&) = 𝑥"𝑥$ ⋯𝑥&. 

If we define symmetric polynomials for each natural number n in the form 

𝑃1(𝑥", … , 𝑥&) = 𝑥"1+	⋯+𝑥&1 , 

where 𝑃3(𝑥", … , 𝑥&) = 𝑛, then we can derive simple relations between elementary symmetric 
polynomials 𝜎1(𝑥", … , 𝑥&)	and polynomials 𝑃1(𝑥", … , 𝑥&)	called Newton's formulas for 𝑘 = 1, 2,… as 
follows 

𝑃8 − 𝜎"𝑃8." + 𝜎$𝑃8.$ −⋯+ (−1)8."𝜎8."𝑃" + (−1)8𝑘𝜎8 = 0,  

where we set 𝜎&;" = 𝜎&;$ = ⋯ = 0. 

Thus, for example, it holds 

𝑃" = 𝜎" 

𝑃$ = 	𝜎"$ − 2𝜎$ 

𝑃- = 𝜎"𝑃$ − 𝜎$𝑃" + 3𝜎- 

⋮ 

etc. 
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High school students are able to understand these relationships and actually know them for low values 
n. In order to use the properties of symmetric polynomials to solve the outlined tasks, it is necessary to 
mention Vièta´s formulas. It is a known relationship between polynomial coefficients and its roots. 
Suppose it is given the polynomial of n-th degree in the form 

																																							𝑓(𝑥) = 𝑥& + 𝑎"𝑥&."+⋯+ 𝑎&,      (1) 

where coefficients 𝑎",… , 𝑎& are real numbers and roots of the polynomial 𝑓(𝑥)	and 	𝛼",… , 𝛼& are real 
numbers, too. Then holds 

𝑓(𝑥) = 𝑥& − (𝛼" + 𝛼$ +⋯+ 𝛼&)𝑥&." + (𝛼"𝛼$ +⋯+ 𝛼&."𝛼&)𝑥&.$ −⋯+ 

																												(−1)&."(𝛼" …𝛼&." +⋯+ 𝛼$ …𝛼&)𝑥 + (−1)&𝛼" …𝛼&.  (2) 

If we compare coefficients in (1) and (2) for the same powers of x, we get a following set of equations 

−(𝛼" + 𝛼$ +⋯+ 𝛼&) = 𝑎" = −𝜎"(𝛼", 𝛼$, … , 𝛼&) 

																																						𝛼"𝛼$ +⋯+ 𝛼&."𝛼& = 𝑎$	=	𝜎$(𝛼", 𝛼$, … , 𝛼&)   (3) 

⋮ 

(−1)&𝛼" …𝛼& = 𝑎& = (−1)&𝜎&(𝛼", 𝛼$, … , 𝛼&). 

These relationships are called Vièta´s  formulas and are of crucial importance for solving some tasks. 
It should be noted, however, that it is a system of nonlinear equations and thus finding its solution may 
not always be easy ([1]). 

Due to Newton's formulas together with Vièta's formulas, a wide variety of examples can be solved in 
a very simple and elegant way. We will show the use of the mentioned properties of symmetric 
polynomials in solving simple examples from geometry. Unknowns are bound by special conditions 
and therefore it is advisable to help out with symmetric polynomials. 

3 RESULTS 
ª Example 1.  

Let a triangle have the sum of all its sides 𝑎, 𝑏 and 𝑐	is equal to 70. Let the equation 	𝑎𝑏 + 𝑏𝑐 + 𝑎𝑐 =
1609 be true and 𝑎𝑏𝑐 = 12180. Determine the area of the given triangle. 

Solving: For calculation of the area of the given triangle is appropriate to use Heron´s formula in the 
form 

𝑆 = G𝑠(𝑠 − 𝑎)(𝑠 − 𝑏)(𝑠 − 𝑐),  

where 𝑠 = I;J;K
$

. 

Due to (3) obviously holds equality 𝑠 = LM
$

 and after rewriting of the expression we get this following 
relation in the form 

𝑆 = G𝑠$(−𝑠$ +	𝜎$) − 𝑠	𝜎- = NLMO

P
Q− LMO

P
+ 𝜎$R −

LMLS
$

. 

As 	𝜎" = 70, 𝜎$ = 1609 and 𝜎- = 12180, then 	𝑆 = √44100 = 210. 

ª Example 2.  

Let the given triangle have the sum of all its sides 𝑎, 𝑏 and 𝑐 equal to 4,  𝑎𝑏 + 𝑏𝑐 + 𝑎𝑐 = -W
"X

 and 𝑎𝑏𝑐 = -
Y
. 

Determine the area of this triangle. 

Solving:  

We use the same calculation method as in the previous example and then we get values 𝜎" = 4, 𝜎$ = 
-W
"X

 , 𝜎- = -
Y
	 and the “strange” result in the form S = N−"-

$
 . The explanation is very easy: A triangle with 

sides satisfying conditions in the assignment cannot be constructed because sides do not meet 
triangular inequality.  
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ª Example 3.  

The volume of the block with edges 𝑎, 𝑏, 𝑐	with rectangular base is 210 and holds 𝑎$ + 𝑏$ + 𝑐$ =
158.		Determine values 𝑎, 𝑏, 𝑐, if you know that the surface aria is 242 and 𝑎, 𝑏 and 𝑐 are natural 
numbers. 

Solving:  

 𝜎" = 𝑎 + 𝑏 + 𝑐, 𝑃$ = 	𝜎"$ − 2𝜎$ ⟹ 158 = 𝜎"$ − 242 ⇒ 𝜎"$ = 400 ⇒ 𝜎" = 20.  

As 𝑎𝑏𝑐 = 210, then edges of the block have sizes 3, 7 and 10. 

ª Example 4.  

The volume of the block with edges 𝑎, 𝑏 and 𝑐	with rectangular base is 420 and the sum of volumes of 
cubes constructed above the edges 	𝑎	, 𝑏 and 𝑐  is equal to 3782. Determine values 𝑎, 𝑏, 𝑐, if you know 
that the surface area is 386 and 𝑎, 𝑏 and 𝑐 are natural numbers. 

Solving:  

𝜎" = 𝑎 + 𝑏 + 𝑐, 𝜎$ = 193, 𝑃- = 𝜎"𝑃$ − 𝜎$𝑃" + 3𝜎- = 𝜎"(𝜎"$ − 579) + 1260 = 3782. 

Thus holds the equality 𝜎"- − 579𝜎" − 2522 = 0. 

Due to the Vièta´s formulas potential roots of this cubic equation are integer divisors of the number 
−2522: ±1,±2,±13,±26,±9,±194. A substitution of positive numbers into this equation confirms that 
the only solution is 26. Thus 𝑎 + 𝑏 + 𝑐 = 26 and 𝑎𝑏𝑐 = 420. The only trio satisfying the given task is 
the group of numbers 4, 7 a 15.	 

ª Example 5.  

Determine sides 𝑎, 𝑏 and 𝑐 of a rectangular triangle, if holds 𝑎 = √97 − 𝑥_ , 𝑏 = √𝑥_  a 𝑐 = √5. 

Solving:  

From task assignment follows 𝑃P = 97 and 𝜎" = 5. Further 

    𝑃P = 𝑃$$ − 2𝜎$$ = 97, 

after rewriting         𝜎"P − 4𝜎"$𝜎$ + 2𝜎$$ = 97  

and finally            𝜎$$ − 50𝜎$ + 264 = 0. 

This equation has two solutions 𝜎$," = 6 and 𝜎$,$ =	44. Now it remains to solve two systems of 
equation in the form 

   𝑎$ + 𝑏$ = 5   𝑎$ + 𝑏$ = 5 

       𝑎$𝑏$ = 6       𝑎$𝑏$ = 44. 

The task has two solutions 𝑥" = 16 and 𝑥$ = 81. The given triangle has sides with values 𝑎 = √2, 

𝑏 = √3 and 𝑐 = √5. 

 

ª Example 6.  

The sum of two real numbers is 4 and the sum of their fifth power is 464. Find these numbers. 

Solving:  

Let 𝑥 and 𝑦 be real numbers with properties 𝑥 + 𝑦 = 4 and 𝑥W + 𝑦W = 464. Then 𝜎" = 4 and 𝑃W = 464. 
Due to the Newton's formulas is 

   𝑃W = 𝜎"W − 5𝜎"-𝜎$ + 5𝜎"𝜎$$ = 464 

and as 𝜎" = 4 then 𝜎$$ − 16𝜎$ + 28 = 0. This equation has two solutions 𝜎$," =	2 and 𝜎$,$ =	14. 
According to (3) the numbers 𝑥 and 𝑦 are roots of the equations 𝑧$ − 4𝑧 + 2 = 0 or 𝑧$ − 4𝑧 + 14 = 0. 
The first equation has two solution in values 2 + √2 and 2 − √2, the second equation has no real 
solution. Thus 𝑥 = 2 + √2 and 𝑦 = 2 − √2.  
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Other types of examples where symmetric polynomial properties can be used ([2], [3]):  

1. Solve the given system of equations in 𝑅: 

𝑥$ + 𝑦 = 5 

𝑥X + 𝑦- = 65. 

 

2.   Solve the given system of equations in 𝑅: 

𝑥- + 𝑦- + 𝑧- + 3𝑥𝑦𝑧 = −19 

𝑥$ + 𝑦$ + 𝑧$ + 2(𝑥 + 𝑦 + 𝑧) = 11 

𝑥𝑦 + 𝑦𝑧 + 𝑥𝑧 = −6. 

 

3. Solve the following equation in 𝑅: 𝑠𝑖𝑛-𝑥 + 𝑐𝑜𝑠-𝑥 = 1. 

4. Determine without direct calculation of roots the sum of third powers of roots of the polynomial 
𝑓(𝑥) = 𝑥- + 7𝑥 − 2. 

5. Roots of the polynomial 𝑓(𝑥) = 𝑥- − 5𝑥 + 1	are 𝛼", 𝛼$ and 𝛼-. Calculate the value of the 
expresion  "

eM
+ "

eO
+ "

eS
. 

4 CONCLUSIONS 
The main aim of this paper was to recall simple applications of symmetric polynomials in situations 
where unknowns are bound by symmetric conditions as described in the article. In some cases, the 
symmetric relationships between unknowns may not be evident but it is possible to transform into a 
"symmetric form" after appropriate adjustments. The tasks mentioned in the text can be reached in 
mathematics lessons at high schools, for example, during the solving verbal or geometric tasks. This 
article can introduce simple means of solving problems of this type and enrich students' knowledge of 
mathematics. 
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