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Abstract 
This paper demonstrates how modern Information Technology tools and Ontologies assist students to 
relate geometrical meanings to mathematical concepts. It is based on the properties of central angles 
and of circles, in order to embed trigonometric functions into an Ontology describing various relations 
and features of the circle. The set up for this purpose was installed in a junior high school classroom 
setting. The Ontology of the Circle helped discover how the two meanings are related, through the 
GraphDB supportive environment where the Ontology was implemented  
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1 INTRODUCTION 
Information Technology scientists and teachers have pointed out the high value gained from using digital 
learning processes over the Semantic Web. Digital learning is a means of providing comprehensive, 
dynamic and customized educational material, in real time, it contributes to the development of the 
knowledge society and it brings together students and experts [1]. Furthermore, digital learning must be 
efficient, timely and interactive [2] and follow the continuous changes in the educational process, thus 
proposing better teaching approaches. For that purpose, various Systems of Knowledge Organization 
need to be constructed. These systems are advanced tools for searching digital information (including 
all types of organizing, building taxonomies, categorizing, ordering) and creating vocabularies, 
thesaurus, semantic networks and ontologies. An Ontology sets definitions that are used to describe 
and represent a field of knowledge. It not only organizes that field, but it relates it to another one as well. 
In this way, an Ontology creates reusable knowledge [3]. Ontologies may be applied in numerous ways 
in education. The usage of ontologies in education has been recorded in [4], where an Ontology of the 
ontologies in education was implemented. According to [4], ontologies can be applied in the educational 
framework from a technological perspective, for knowledge organization, inference, information 
visualization, navigation, querying knowledge sharing and reusability. From an application perspective, 
ontologies can be applied as knowledge tools to construct, externalize, communicate and evaluate 
knowledge and they can describe knowledge based on educational/pedagogical knowledge or 
according to the structure of the educational system. Modern implementations of digital learning based 
on ontologies can be grouped into five categories: i) educational domain knowledge ontologies ii) 
knowledge process ontologies iii) knowledge objects ontologies iv) Learning Management Systems 
(LMS) ontologies, and v) students’ competence and educational goals ontologies. Based on the theory 
above, we selected to create an Ontology for educational purposes, to describe and represent one field 
of Mathematics, Geometry, which happens to be the most difficult from all other fields of Mathematics 
for students, in general. Our Ontology is described using GraphDB [5] environment, one of the few triple 
stores that can perform semantic inferencing at scale allowing users to derive new semantic facts from 
existing facts, handling massive loads, queries and inferencing in real time. 

2 METHODOLOGY 
This assignment was carried out in the school’s computer laboratory. There were 20 students working 
in teams of two. They were given a worksheet which described the steps to follow during the lesson. 
They were using the GeoGebra [6] and the Circle’s Ontology deployed in GraphDB “Fig.1”. The 
implementation was performed over three teaching hours. All participants were actively involved during 
the built of the Circle’s Ontology through all the steps. They were keen on using the GeoGebra and 
familiar with GraphDB. So, the students had nothing to worry about how much or how good they 
remembered the properties of the arc or regular polygons or whatever they would need to, because 
everything was in front of them at their disposal. Searching the Circle´s Ontology using GraphDB would 
provide them easily and fast everything they would be seeking for.  
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Their assignment was aiming to teach them the trigonometric functions and unveil that there are various 
subjects in Mathematics that all though they seem irrelevant, when seen from a different perspective 
they are not just relevant but also their behaviors are related! This unconventional approach is highly 
assisted from this knowledge tool, the Ontology. Although their worksheets were showing the way to go 
there was no intention to pre-describe them the lesson taught since every step should be tempting 
enough to stimulate their need for searching, exploring, inventing.  We started the lesson with the 
Trigonometric circle and moved on to basic trigonometric functions (sinx, cosx and tanx). A different 
perspective showed that a straight line of type y=ax expressing an analogy existed underneath right 
angle triangles where their vertical sides and hypotenuses created arcs of different size. 

2.1 Trigonometric circle 
The students had to recall the meanings of central angle, length of arc, right triangle and Pythagorean 
Theorem [7]. By exploring the Circle’s Ontology, they refreshed their memory. 

 
Figure1 Circle’s Ontology on GraphDB 

The worksheet directed them to create an ortho-normal axle system and a circle of center K(0,0) and 
radius of 1. This was their first new definition of the trigonometric circle “Fig. 2”. 

 
Figure 2. A trigonometric circle 

As a next step they should draw on the circle an arc “Fig. 3” and retrieve from the Ontology [8] the 
formula that calculates the length of the arc (Eq. 1) based on its angle 

 l = 2 × π × r × !
"#$
. (1) 
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Figure 3. An arc and its length 

The students were asked a question: what happens when the length of the arc equals the length of the 
radius? Thus, they reached the definition of 1 rad (Eq. 2)  

 1 rad = &'$
(

. (2) 

2.2 Sine Function 
Moving forward, the students were asked to plot from one end of the arc the vertical line to the other 
side of the central angle “Fig. 4” 

 
Figure 4 Vertical line ΒΓ 

On GeoGebra, they had to connect the value of the angle x on the horizontal axis displaying values of 
π (π/2, π, 3π/2, 2π). The vertical axis should display the length of the ΒΓ line while the angle x was 
changing. All these points would leave a trace for various values of angle x “Fig. 5”. 

 
Figure 5 Tracing points of ΒΓ length for various angles x 

The first major new meaning to add to the Circle’s Ontology now, is the function of sinx (Eq. 3), defined 
as 

 sinx = )*+,-.	01	23
)*+,-.	01	43

	 (3) 

while students observe that this function returns values from [-1, 1] 

2.3 Cosine function 
A new task for students using GeoGebra, was to connect the value of the angle x on the horizontal axis 
displaying values of π (π/2, π, 3π/2, 2π) and the vertical axis should display the distance of the ΒΓ line 
from point K, that is the length of ΚΓ while the angle x was changing. All these points would leave again 
a trace for various values of angle x “Fig. 6”. 
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Figure 6 Tracing points of KΓ length for various angles x  

Following the function sinx (Eq. 3) added previously to the Circle’s Ontology, the new function of cosx 
(Eq. 4) come next, defined as 

 cosx = )*+,-.	01	52
)*+,-.	01	43

.	 (4) 

Again, the students observed that this function returns values from [-1, 1] 

2.4 A Basic Relation 
Both functions sinx and cosx were plotted alone using the GeoGebra displaying “Fig. 7”. 

 
Figure 7 Functions sinx and cosx 

Taking a step backward, the students retrieved from the Ontology of circle [7] that on a right triangle, 
like the ΚΓΒ described previously, the Pythagorean Theorem (Eq. 5) states that  

 ΚΓ2 + ΓΒ2 = ΚΒ2. (5) 

Transforming Eq 5 step by step, the students ended up with the basic equation of trigonometry (Eq. 6) 

  52
6	7	236	
586	

 = 1 à 52
6	

586	
 + 23

6	
586	

 = 1 à 942
53
:
;
+ 923

53
:
;
= 	1à sin2x + cos2x = 1. (6) 

At this step, the Circle’s Ontology is enriched even more including the basic trigonometric function and 
their basic relation between them. 

2.5 Analogy 
Students were then asked to make an extension over the trigonometric circle. Their worksheet requested 
to draw a new circle using the same center K but with a longer radius. They had also had to select a 
new point B’ which should define a new angle of equal degrees with x, with one common leg and at the 
same quartile. The new angle would meet the periphery of the bigger circle and thus create an arc at 
the points A’ and B’ accordingly “Fig.8”. 
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Figure 8 The bigger circle. 

The students categorized the parameters into fixed and variable. The following were set as parameters: 
the abscissa (vertical lines ΒΓ and Β’Γ’), the ordinate (KΓ and K’Γ’) and the distance from point K(0, 0) 
of points B and B’, the angles ΒKΓ, KΒΓ, KΓΒ, as well as the new angles from new point B´. The aim 
here was to have all the students observe the figure and record their thoughts, so that they could 
appreciate not only the simplicity of the observation but also the necessity of writing down observations. 
They were positively encouraged from the start to keep going even though they might have been 
hesitant at times. When the students shared their answers with each other, it became apparent how 
easy it had been to carry the tasks. During this activity, one team member of each group used the 
GeoGebra software in order to define the new point B’. After the third team presented the expected 
position of point  B’, it was obvious that the new random point B’ was expected to lie on the line where 
the arm OB was lying, as it was initially given in “Fig. 9”.  

The students recalled [9] that when a point moves on a straight line of type y=ax, its coordinates denote 
a fixed quotient, therefore the abscissa and the ordinate would be proportional. At this point the 
connection of Algebra with Geometry begins. The students were asked to recall, through the process of 
observation, the relation between fixed ratio and proportional triangles. The students using GeoGebra, 
placed point B’ on the line KB’ (y = ax) and moved it along (the triangle and the 2nd circle were redrawn 
by GeoGebra) allowing them to observe the proportional triangles, points and circles changing. It also 
come out that although both angles (Fig. 8) where equals (x=45o) the length of the arcs were different (l 
= (
?
 , l’ = @

'
	𝜋). 

 
Figure 9 Same angle different arcs. 

Someone commented that the second circle (radius = 2.5) is 2.5 times wider than the first one (radius = 
1) and so were their arcs of the same angle, 2.5 times proportional (l = 2.5l’). 

2.6 Application in real life 
For the students to gain a deeper understanding of the practical usefulness of the fixed ratio, they were 
asked to calculate the height of a tree “Fig. 10”.   
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Figure 10 Calculation of a tree’s height 

As the triangles turned out to be proportional, it became obvious that their arms were too! This led the 
students to justify in a mathematic approach what they recalled from the first activity. Subsequently, they 

were asked to create the ratio =  which remains constant for the various positions of B. 

Based on that, the students were then asked what would happen to point B’s coordinates ratio if angle 
x were to change. Most of them answered that this ratio would change as well. The validity of their 
assertion was checked as every team changed the degree of angle x using GeoGebra. After this short 
“illumination”, the students started thinking on how to solve the tree height problem. Their first thoughts 
were to calculate the angle formed by the line that joined the point where the tree shadow reached up 
to the top of the tree as one arm of the vertex and the ground as the second arm. Then, with the help of 
Fig. 8 they decided to calculate the ratios of point B, and then the corresponding ratios of point B’ which 
resulted in finding the height of the tree. The relative process, the measurements and all the necessary 
calculations was done with GeoGebra. This process was able to change the learning potential of the 
students and as a result produced a variety of experiences which every person in each team processed 
in a unique way.  

For the particularity of this ratio the students were asked if it was worth giving it a special name. It was 
“baptized” as a tangent (Eq. 7): 

 tanx = )*+,-.	01	52
)*+,-.	01	B3

	. (7) 

In order to give a visual representation of the trigonometric functions sin(x), cos(x) and tan(x), 
GeoGebra, calculated the various values of a changing angle. First, the very common angles of 0˚, 30˚, 
45˚, 60˚, 90˚, 180˚ & 270˚ were selected and then some random ones “Fig. 11”.  

 
Figure 11 Trigonometric values of 45o 

During this process, the students noticed that the value of a trigonometric number was not always a 
positive number, but in certain cases some of them were positive and some negative. The teams 
exploited with GeoGebra that the gradual change of the angle led to the alternation of the signs, by 
taking a note of this change as shown in Table 1.  

  

abscissa
ordinate

)(
)(
Bx
By
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Table1. Signs of Trigonometric numbers 

 1st Quadrant 2nd Quadrant 3rd Quadrant 4th Quadrant 

Sine + + - - 
Cosine + - - + 
Tangent + - + - 

3 EVALUATION AND CONCLUSIONS 
The teachers provided the students with a questionnaire in order to measure the effect of this experiment 
over their preferences. The answered questionnaires revealed that the given worksheet helped them to 
understand in a better way the objectives that were discussed during the teaching process. They 
preferred working in groups instead of being left alone. The software provided substantial assistance in 
understanding the various meanings on a visual representation. It was also very enjoying for the 
students to adjust and change values of variables during software usage and not staying passively 
attending the teacher’s demo. Their preference for the method used is displayed in the following “Fig 
12” of a Likert scale, where every question out of the twelve in total was given a rate from 1 to 7, where 
7 expresses the maximum satisfaction for the method. 

 
Figure 12 Students questionnaire results 

The average value reached was 84.98%. The teachers, on the other hand, observed that all the students   
participated very actively during the teaching process, even the ones that did not use to be interested in 
Mathematics. The teachers also observed that the groups of students were working together, 
exchanging views and thoughts without competing. During the teaching process, the students were 
giving positive answers showing clearly an improved behaviour in class.  

This paper presented the expansion of the circle ontology to include the concept of the trigonometry and 
the relation to Algebra aiming to cover additional fields as a continuation to our previous work [8]. This 
ontology could be helpful in various ways. It could be used as an intellectual instrument helping teachers 
organize their teaching lessons in a more flexible way. It could also be used as a communication 
framework between various application software providers who are dealing with education. Even more, 
this ontology could serve as a visual browsing connection to the material that is being taught. 

ACKNOWLEDGEMENTS 
This paper was partially supported by Sauron (https://www.sauronproject.eu/), a project that has 
received funding from the European Union’s Horizon 2020 research and innovation programme H2020-
CIP-2016-2017 under grant agreement No. 740477. 

7254



REFERENCES 
[1] Drucker, P. (2005), “Need to Know: Integrating digital learning with High Velocity Value Chains”, 

A Delphi Group White Paper, http://www.delphigroup.com/pubs/whitepapers/20001213-digital 
learning-wp.pdf . 

[2] Pagge A (2012). eLearning Programs over the internet, design and exploiting possibilities in 
Greece. The case of Semantic Web. University of Ioannina Greece. 

[3] Sutherland, R. & Balacheff, N. (1999). Didactical complexity of computational environments for 
the learning of Mathematics. International Journal of Computers for Mathematical Learning, 4, 1-
26 

[4] Hoyles, C. (2001). From describing to designing mathematical activity: The next step in 
developing the social approach to research in Mathematics education. Educational Studies in 
Mathematics, 46: 273-286. 

[5] GraphDB https://www.ontotext.com/products/graphdb/ 

[6] GEOGEBRA http://www.geogebra.org/ 

[7] Tzoumpa D., Karvounidis Th., & Douligeris C.  (2017) Extending the Application of Ontologies in 
the Teaching of Geometry: The Right Triangle in the Circle, proceedings of  IEEE EDUCON 2017, 
25 - 28 April 2017, Athens, Greece. 

[8] Tzoumpa D., Karvounidis T., Douligeris C. (2019) Circle’s Ontology Extended: Circumference and 
Surface Area of a Circle. In: Auer M., Tsiatsos T. (eds) The Challenges of the Digital 
Transformation in Education. ICL 2018. Advances in Intelligent Systems and Computing, vol 916. 
Springer, Cham, https://doi.org/10.1007/978-3-030-11932-4_12. 

[9] Tzoumpa, D., Karvounidis, Th. and Douligeris, C. (2016) Applying Ontologies in an Educational 
Context, EDUCON 2016, 10 - 13 April 2016, Abu Dhabi, UAE. pp. 304-307. 

7255




