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Abstract 
One of the many challenges facing teachers of mathematics is to help students to find meaning in the 
symbols, procedures and problems of mathematics.  While there is no doubt that teachers of other 
subjects face challenges in making their disciplines meaningful to students, the obstacles in 
mathematics education seem to be much greater.  What is it about mathematics in general, and algebra 
in particular, that tends to make it less accessible to students than other subjects? The purpose of this 
paper is to examine the important role of abstraction in the teaching and learning of mathematics, with 
a particular emphasis on algebra.  First, the differences between mathematical language and the use of 
language in other disciplines will be discussed.  Next, a conceptual framework focused on helping 
students develop abstract algebraic thinking will be presented.  Finally, examples will be provided of 
ways to ease the transition from concrete models to the use of symbols in order to help students become 
more fluent in the abstract language of algebra. 

1 INTRODUCTION 
“The natural way to proceed is from what is more known and clearer to us to what is by 
nature clearer and more known; for what is known to us and what is known without 
qualification are not the same.” 

Aristotle, Physics [1] 

One of the many challenges facing teachers of mathematics is to help students to find meaning in the 
symbols, procedures and problems of mathematics.  While there is no doubt that teachers of other 
subjects face challenges in making their disciplines meaningful to students, the obstacles in 
mathematics education seem to be greater.  What is it about mathematics in general, and algebra in 
particular, that tends to make it less accessible to students than other subjects?  What is different about 
mathematics? 

2 THE DISTINCTIVENESS OF MATHEMATICAL LANGUAGE 
One essential difference involves the purposes of language in mathematics versus other disciplines.  
While mathematical language shares certain characteristics with other types of language, there are key 
features that set it apart [2].  For example, a central purpose of literary language – in novels, poetry, 
prose, drama, and short stories - is to evoke experience.  Words are used to portray thoughts, emotions, 
and actions with as much richness and depth as possible.  Consider the following passage from William 
Blake’s “The Evening Star” [3]: 

Thou fair-hair’d angel of the evening, 
Now, while the sun rests on the mountains, light 

Thy bright torch of love, thy radiant crown 
Put on, and smile upon our evening bed! 

Smile on our loves; and, while thou drawest the 
Blue curtains of the sky, scatter thy silver dew 

On every flower that shuts its sweet eyes  
In timely sleep. 

Successful literature creates an imaginary pattern of experience that has meaning for a wide audience 
of readers.  This is the case with many forms of expression in literature and the arts.   From the plays of 
Shakespeare to the works of Michelangelo to the songs of Carole King to the novels of James Joyce to 
the poetry of Maya Angelou, the author/artist invites the audience to bring to the work their own 
experiences and interpretations, which makes the work unique and meaning-full for each reader, viewer, 
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listener and performer.  Great works of literature and art that stand the test of time do so in part because 
of their capacity for varied interpretation, connection to individual experience, and depth of meaning. 

Mathematical language, on the other hand, is based on logical certainty and precision [4], untainted by 
historical context, personal experience and individual interpretation.  In mathematics, language and 
symbols are used to de-emphasize rather than evoke experience.  With particular meaning put aside, 
the focus of mathematics is on generalizations and idealized relations expressed through symbols.  One 
could argue that a critical goal of teaching algebra is to clearly convey to students that mathematical 
symbols are meaning-less in that they have no predetermined meaning.   

3 A PARADOX 
And so we are faced with a paradoxical situation in teaching algebra.  On the one hand, an important 
objective of teaching mathematics is to help students find meaning in mathematics.  We do this, for the 
most part, by presenting students with mathematical problems embedded in contexts that are a part of 
their experience.  The more students can relate to the problems we pose, the more meaningful the 
mathematics becomes for them.  At the same time, if a student is overly focused on the particular such 
that generalizations are not recognized and identified – essentially not seeing the forest for the trees - 
mathematical power is lost.   

Indeed, the immense power of algebraic representation lies in the fact that equations, tables and graphs 
have no established connotation - the terms and relations they represent are indeterminate.  For 
example, given the equation y = 3x + 50, the "x" could represent liters, months, dollars, grams, meters, 
pounds, flowers, or apples, depending on the context.  Similarly, there is an inexhaustible range of 
potential meanings for "y", limited only by the imagination of the person who is relating the specified 
variables.  Once a given relationship is formulated symbolically, it is readily disposed to manipulation 
and solution. 

The resolution of this paradox of meaning in algebra may lie in understanding the process of abstraction 
that links meaning-full contexts with meaning-less expressions.  The term “abstract” is derived from the 
Latin abstrahere, “to draw away from”; and in mathematics, the drawing is generally away from sensory 
experiences or concrete situations.  While the abstract nature of mathematical expression is the source 
of its power and pervasive use, it is at the same time a barrier to understanding for many students.  As 
Mason states,  

“It is easy to sympathize with the students' sense of abstract as removed from or divorced 
from reality. But perhaps this sense of being out of contact arises because there has been 
little or no participation in the process of abstraction, in the movement of drawing away.  
Perhaps all the students are aware of is the having been drawn away rather than the 
drawing itself”. [5] 

Students are too frequently presented with the products of other people’s abstraction, but aren’t 
themselves engaged in the process of abstraction.  This is not to say that each student needs to 
spontaneously reinvent the mathematical wheel. Rather, students should actually experience 
abstraction as an intellectual activity.  Not only will this experience help students gain a greater sense 
of mathematical empowerment, but it may also provide them with more substantial foundation for dealing 
with abstract terms and relations. 

Unfortunately, the exigencies of the traditional school curriculum and standardized tests support the 
notion of acquiring abstract products rather than using abstraction as a thinking tool. One can bypass 
the development of meaning and directly impart precise rules, definitions and algorithms, thereby 
focusing on the mechanics of operating with symbols.  This approach does provide some students with 
the level of understanding they need to do well on many standardized tests and go on to higher levels 
of mathematics.  For many others, however, a formidable gap exists between the arithmetic they learned 
in grade school, which places a heavy emphasis on concrete models and simple operations, and high 
school mathematics, which deals primarily with symbols, definitions, proofs, and formulas [6].  The jump 
to abstract symbols and abstract thinking is simply too great for many of our students.  They lack a solid, 
intuitive foundation for many important mathematical ideas. 
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4 A PRACTICAL EXAMPLE: SLOPE 
For example, one of the more important ideas in algebra is the concept of slope [7].  Most students learn 
that slope is "rise over run", or !"	$	!%	

&"	$	&%	
, or the “m” in y = mx + b. Many can also find the equation of a line 

given the slope and a point, or given two points; that is, they can, at least temporarily, demonstrate 
proficiency in symbol manipulation.  In addition, many are able to perform transformations on a given 
line, and define other lines that are parallel or perpendicular to that one.  However, when confronted 
with a problem in which they are required to extract key mathematical information from a situation, or to 
discuss the meaning of the slope, many of these same students are unable to make the essential 
connection between the given context and an algebraic representation of that context.   

One way to overcome this problem may be to introduce slope, not as an abstract algorithm, but 
embedded in a series of contexts that require students to observe and articulate patterns of change.  
Such activities help students to develop strategies for generating rules that govern functional behavior.  
One might begin with simple patterns in concrete materials, such as a pattern of toothpick squares 
connected in a row (Fig. 1).  How many toothpicks are required to make one square?  Two squares in 
a row? Three in a row? Twenty squares? n squares?  

 
Figure 1. Toothpick Squares 

Students are generally able to construct a rule that will determine the number of toothpicks required for 
an indeterminate row of squares.  The ways in which they communicate their “rules” provide insights 
into their ability to think abstractly.  When students work in groups, they often build on one another’s 
thinking [8]. Providing time for the groups to report their observations allows for further theory building. 
Here is an example of a hypothetical conversation among students: 

Jasmine suggested that, “The first square takes four toothpicks. Then you need three more 
toothpicks for each square you add. So that’s 4, then 3 for each square you add.” 

Suzanne says, "So then for 10 squares you need 4 for the first square and add that to 3 
times 9, because there are 9 more squares.” 

“Wait!,” responded Ian. “The number of squares beyond the original is always one less than 
the number of squares. Three toothpicks for each addition square plus the four toothpicks 
for the first square, so the number of toothpicks needed is 3(n-1) + 4.” 

 “I follow what you mean, but we saw it differently.”, says Mia.  “We noticed that every time 
you add a square it takes 3 toothpicks. So pretend you add 3 for the first square too. But 
you have to close off the first square, so you need 1 more toothpick at the beginning. You 
need 3 times the number of squares, plus the one on the end. So  
T = 3n + 1.” 

The discussion might take several directions from here, including the algebraic equivalencies of various 
expressions and patterns that emerge in rows of other polygons (triangles, hexagons, etc.) that can be 
created using toothpicks, blocks, or other manipulatives. A natural progression would be to move to 
drawing the polygons rather than using toothpicks to determine the number of exposed sides of each 
polygon “train” (Fig. 2 and 3)  – a drawing being a slightly more abstract and more efficient representation 
of the pattern.  

 
Figure 2. Hexagon Pattern y=5x+1 
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Figure 3. Block wall y=3x+1 

From there, “real world” linear functions can be explored, like the following, which can be represented 
by the equation y = .25x + 40: “A moving truck company charges $40, plus an additional $0.25 per mile 
driven. What is the cost after 2, 3, 5, or x miles driven?”  

Encouraging students to consider data in tabular form helps to further their ability to generalize 
relationships in order to make predictions.  A table (Table 1) that has the matched pairs (0, 6), (1, 14), 
(2, 22) and (3, 30) may prompt students to generalize the pattern,  “Starts with 6, then add 8 each time”, 
then to the more general expression y = 8x + 6. 

Table 1. Linear Function y=8x+6 

x y 

0 6 

1 14 

2 22 

3 30 

4 38 

x ? 

Students might then transition to tables that are only partially filled out, such as the following “incomplete” 
table (Table 2) that would yield the equation y = 6x - 9: 

Table 2. Linear Function y=6x-9 

x y 
  
4 15 
  
8 39 
  
x ? 

Once students understand the notion of rate of change as “what you add every time” and y-intercept as 
“what you start off with” - meanings that they will revise as they progress - they might explore more 
complicated sets of linear data.   For example, given a data from a bicycle moving at a constant speed, 
their understanding of slope might consist of something like “getting from 100 meters to 178 meters in 
12 seconds means 6.5 meters per second.” 

After exploring a variety of examples, students can be further challenged to extend their understanding 
of slope and intercept through “word problems” like the following, from which the equation y = 51x + 34 
might be abstracted: 

“Our plumber charges us a set fee for coming out to our house, then an hourly rate for the 
time he is working.  A friend asked about our plumber’s rates, and I couldn’t remember 
what they were, so I looked in my checkbook to see what I’d paid him.  I noted that on one 
occasion, he had charged $136 for two hours, and another time the charge had been $340 
for a six hour job.   Determine the set fee, hourly rate, and a rule that will let my friend know 
how much the plumber will charge for x  hours of work.” 
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While this sample progression is abbreviated and focused only on linear functions, the important point 
to be made is that the use of a variety of materials, representations and examples encourages students 
to come up with their own strategies for determining slope as rate of change.  When students generalize 
“constant rate of change” as a feature that is shared by the hourly rate for the plumber, the speed of the 
bicycle, the pattern of toothpicks or blocks, and the pattern in a table of values, they have taken an 
important step in being able to think in more abstract terms.  Their ways of understanding slope may 
then be dependent on their experiences in observing and generalizing [9] patterns of change rather than 
the memorization of someone else's algorithm.  In this way, students who are able to ground their 
understanding of mathematical ideas in a series of experiences will likely develop a propensity for 
“seeing the general in the particular” [10], which is the essence of abstract thinking and an essential skill 
for moving on to higher mathematics. 

5 CONCLUSION  
The key to understanding the paradox of algebraic meaning lies in the fact that syntactics and semantics 
serve complementary roles in mathematics, as in other disciplines.  Algebraic syntax, devoid of specific 
meaning, is indispensable in allowing for the efficient manipulation of symbols and solution of abstract 
problems, but those manipulations are merely mechanical and rote maneuvers without the attachment 
of meaning, or semantics.  As Kaput states, “...the bird of mathematical competence cannot fly on one 
wing — neither the syntactic nor the semantic suffices alone” [11].  As mathematics educators, we need 
to recognize the unique nature of mathematics, and find a balance of syntactic mastery and conceptual 
understanding in our teaching.  
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