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Abstract 
The validity of the results obtained in the analysis of variance (ANOVA) is subject to the assumptions 
of the model being met. These assumptions are: normality, homoscedasticity of variance and 
independence; The residuals observed are the basis of the diagnostic tools that are used to verify 
such assumptions of the model, since if the assumptions are met, the residuals can be seen as a 
random sample of a normal distribution with zero mean, constant variance and without no pattern or 
trend (Montgomery, 2006). To improve the teaching and understanding of this topic, information 
technologies (ICTs) were used. With the use of these technologies the student builds knowledge 
about how much data can be diverted from assumptions and which of these is more important to 
comply with. It was observed that with the help of new technologies, the teaching of these subjects is 
facilitated, with the purpose that students have a clearer and concise idea of the aforementioned 
concepts. It is important that the student understands that the analysis of residuals should be 
considered as mandatory to detect serious deviations from the assumptions of the model, which would 
result in erroneous results. 
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1 INTRODUCTION 
The effectiveness of the results obtained in any analysis of variance is subject to the assumptions of 
the model being met. The assumptions are: normality, equality of variances in treatments and 
independence. In other words, the answer must be distributed in a normal manner, with the same 
variance in each treatment and the observations must be independent. 

It is common to use the sample of the residuals to check the assumptions of the model, because if the 
assumptions are met the residuals can be seen as a random sample of a normal distribution with zero 
mean and constant variance. 

The residues 𝑒"#, are defined as the difference between the observed response (𝑌"#) and its estimated 
value in the statistical model under study 	(𝑌)"#*	, which allows a more direct diagnosis of the quality of 
the model, since its magnitude indicates how well the data of the proposed model is described (Kuehl, 
2001). For example, the model that describes a completely random design is: 

𝑌"# = 𝜇 + 𝜏" + 𝜀"#   (1) 

Where : 𝑖 = 1, 2, … . , 𝑘, 𝑗 = 1, 2, … . , 𝑛,  is the jth data of the treatment 𝜏",  is the global mean, 𝜏" the 
effect of the treatment 𝑖 and 𝜀"# is the error associated with the observation 𝑌"#. If there are significant 
differences when performing the analysis of the variance, then the adjusted model given by equation 
(2) is estimated: 

𝑌)"# = 	 �̂� + �̂�"   (2) 

That is the estimators are calculated, which are obtained from experiment data. The error term 
disappears from the estimated model; since it is expected value is equal to zero. Since the global 
mean is estimated with 𝑌:.. and the effect of the treatment with 𝑌:". − 𝑌:.., the adjusted model of the 
completely random design can be written as (3): 

𝑌)"# = 𝑌:.. + (𝑌:". − 𝑌:..) = 	𝑌:".   (3) 

The predicted response for each observation is the sample mean of the corresponding treatment; 
according to this, the residual 𝑌"# is given by (4): 

𝑒"# = 𝑌"# − 𝑌)"# = 	𝑌"# − 𝑌:".   (4) 

The assumptions of the linear model of equation (1), in terms of the residuals are: 
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The 𝑒"# follow a normal distribution with zero mean. 

The  	𝑒"#  are independent of each other. 

The residues of each treatment have the same variance 𝜎= 

To check each of these assumptions, there are analytical and graphical tests, for convenience the 
graphic tests are used, then we will make a brief description of each of these assumptions (Gutiérrez, 
2008). 

2 NORMALITY ASSUMPTION 
The verification of the assumption of normality could be done by plotting a histogram of the residuals. 
If this assumption is satisfied for errors, this graph should appear as a sample of a normal distribution 
with zero center (Walpole, 2007). The procedure to make this graph is very simple, to build this graph, 
first order the observations from lower to higher, these are plotted against their respective 
accumulated frequencies by (j-0.5)/n, it can also be done with the help of a statistical software, such 
as MINITAB. In Figure 1 a graph of residuals is shown for this assumption. If the distribution of errors 
is normal, the graph will have the appearance of a straight line. To observe the straight line, you 
should focus more on the core values than on the extreme values. 

 
Figure 1. Graph of residuals to check the assumption of normality. 

Moderate deviations from normality are not a major concern in the analysis of variance for a fixed-
effect model, but a distribution of errors that has coarser or thinner tails than the normal distribution is 
of greater concern than a distribution more biased deviations from normality generally make both the 
true level of significance and the true power slightly different from the announced values, with the 
power being lower. It is singular to find in the normality graphs a residual that is larger than another, 
this is known as an atypical point. But if several atypical points occur, serious distortions occur in the 
analysis of variance, when a potential outlier is located, careful investigation is required. 

3 ASSUMPTION OF EQUALITY OF VARIANCES 
By plotting the residuals against the estimated values of the treatment means, a visual evaluation of 
the assumption of equal variances in the different treatments is obtained. If the variability of the 
observations around the treatment means differs from one group to another, the set of corresponding 
residuals will reflect the differences in the variations. Figure 2 shows a graph of the residuals against 
the estimated means. 

The graph reflects the differences of the standard deviations between each treatment, the variability of 
the residuals increases with the value of the estimated means. If the variances are heterogeneous, the 
graph of residuals against the estimated values is usually funnel-shaped (Box, 2004). When there is a 
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lack of symmetry by the residuals around zero, there is an asymmetric distribution of the distribution, 
with a long tail to the right. When a pattern appears in these graphs, there is usually a need for a 
transformation, that is, to analyze the data with a different metric. 

 
Figure 2. Graph of residuals against the estimated means 

4 ASSUMPTION OF INDEPENDENCE 
The assumption of independence can be verified by plotting the residuals against time or against the 
order of the runs in which the experiment was carried out (Gutiérrez, 2008). If a pattern is presented in 
this graph, as a derivation of the positive and negative residuals, this indicate that the observations are 
not independent. This suggests that time or the order of runs is important and have not been included 
in the experimental design. In the case of having problems with this assumption, the conclusions 
obtained from the analysis are weak and therefore it is better to review what has been done and try to 
investigate why it was not met in order to reconsider the situation. 

To teach the students in a way how the residuals behave, an applet was used, which was made for a 
completely random design, in which there are 6 treatments, in addition it has a plot of points for each 
treatment where the mean of these, on the right side appear two graphs of residuals, one to verify the 
assumption of normality and another for the assumption of equality of variances, as shown in Figure 3. 

 
Figure 3. Applet for the assumptions of normality and equality of variances 
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In the parameters of this applet you can select the variable factor and the dependent variable. You can 
use random data or you can capture the data of any problem. If you select randomly generated data, 
you can select the value of the mean, the number of data and the value of the standard deviations for 
each treatment, as can be seen in Figure 4. 

 
Figure 4. Applet parameters. 

With this applet you can modify the parameters in such a way that residual graphs are obtained where 
the assumptions are not met, so that the student sees how the behavior of the values would be in 
each treatment. With the established parameters and with the random data generation option in the 
applet you can press the Renew button and new data and new graphs will automatically be generated. 
Pressing the New Window button will also generate new data but in another window so that you can 
make comparisons, as can be seen in Figure 5. 

 
Figure 5. Comparison of two applets with different parameters. 

5 CONCLUSIONS 
It is important that the student perform the residuals review automatically when performing any 
analysis of the variance. If the model used is adequate, the residuals should not present a pattern of 
behavior. It is best to prevent as much as possible that the assumptions are not violated, for this the 
three basic principles of design of experiments must be applied to the letter: repetition, randomization 
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and blocking, since when some of these are not applied, in The graphs can be observed as the 
assumptions of the model are not met. 

With the help of new technologies, (such as applets, in this case), the teaching of these subjects is 
facilitated, in order that students have a clearer and more concise idea of the aforementioned 
concepts. With the use of the applet the student constructs the knowledge about how much the data of 
the assumptions can be diverted and which of these is more important to fulfill. This environment 
allows to increase the knowledge that students must acquire in the use of new technologies. 
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