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Abstract 
This study is focused on the detection of the main conceptual and operational errors made by students 
when solving standard problems or exercises in theoretical and practical tests given during an initial 
mathematical analysis subject forming part of a mathematics degree. The main goal pursued with this 
initiative is to train all first-year students in competences where their understanding is, in general, 
insufficient to achieve their goals, trying to enhance their grasp of the main concepts and techniques 
of the subject in question, especially in the initial part of the course. This should enable students to 
revise and analyse their notes or bibliographical resources from a different perspective to that used 
during their first reading. 
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1 INTRODUCTION 
The first year of a university degree usually represents a considerable change for students who enter 
university from other educational levels, and this often provokes a high degree of insecurity. In 
addition, the first year of university is crucial because this is precisely when students must acquire and 
consolidate the competencies and skills necessary to progress satisfactorily in their university studies. 

However, on some degree courses such as mathematics, the results obtained in the first year are 
much worse than those obtained in the final years of secondary education, and some specific first year 
subjects have a high failure rate. Students in their first year of an undergraduate degree in 
mathematics or similar are, to a large extent, confronted with a sudden change in the way in which 
concepts and notions are presented and the manner in which they are expected to learn and 
assimilate these. 

In earlier educational stages, mathematical knowledge is often learnt through repetition of very similar 
problems, where stress is placed on obtaining an immediate result, often without investigating the 
reasons underlying the procedure. In addition, a relatively high percentage of first year students only 
conduct a superficial revision of the information contained in their notes and other sources of 
information, or even of the evaluation tests set throughout the year. Furthermore, many students cram 
the subject syllabus, i.e. they usually study by heart, and thus most of the main concepts are forgotten 
over time. 

Hence many students clearly require a complement to teaching that helps to mitigate the deficiencies, 
questions and shortcomings that come to light during their first year of university. As teachers, it falls 
to us to help students through the changes entailed in starting university and studying the subject 
matter. Priority should be given to identifying teaching initiatives, tools and resources that help 
students to identify the main aspects of a subject and assimilate its most important notions and 
techniques. 

The aim of the present initiative was to raise students’ awareness of the difficulties posed by the 
subject matter through detection of common conceptual and operational errors committed in interim 
tests given throughout the year, especially the initial ones. More specifically, in relation to the degree 
in mathematics, the goal was to highlight the main conceptual and operational problems that students 
face in the first mathematical analysis subject they study, which if not addressed could subsequently 
represent a significant obstacle to successful completion of this important subject. 

This would enable students to revise and analyse their notes or bibliographical resources from a 
different perspective to that used during their first reading. The initiative was thus also aimed at 
promoting students’ command of the subject, thereby endowing them with greater autonomy 
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according to their capabilities, and encouraging them to look critically at their test performance and try 
to stay up-to-date with course work. 

Similar initiatives with first year university mathematics subjects include [1], which focused on the 
design of multiple-choice tests aimed at consolidating the mathematical concepts, [2] which analysed 
peer tutoring in first year mathematics subjects taught on biology geology, chemistry and marine 
sciences degree courses and [3], which focused on teaching and learning methodologies underlying a 
first subject in the area of mathematical analysis. 

2 CONTEXT OF THE SUBJECT STUDIED 
This study focused particularly on the detection of errors that students made regarding material taught 
in the “Analysis of a real variable I” course, which is a compulsory subject in the first year of the 
mathematics degree at the University of Alicante. As the first basic subject in the field of mathematical 
analysis, the general objectives pursued are to introduce real numbers and examine the notions of 
continuity and derivability, which are further developed in the subjects “Real analysis of several 
variables I” and “Real analysis of complex variables”. The subject also serves as a foundation and tool 
for other blocks such as “Differential Equations” and “Statistics”. The specific objectives for this subject 
include the following: learn to use analysis of sequences; know and be able to use the basic concepts 
and results of differential calculation of a real variable; and acquire a good command of various 
classes of functions for use as tools to solve a wide range of problems. 

The material included in “Analysis of a real variable I”, taught in the first semester of the first year, and 
“Analysis of a real variable II”, taught in the second semester of the same year, forms the basic core of 
the material traditionally taught in the field of mathematical analysis in the first year of a mathematics 
or physics degree. One of the textbooks that cover the subject matter studied is [4] where the reader 
can see that the specific content of this subject can thus be divided into the following four blocks. 

Block 1    Axiomatic introduction to real numbers 

Block 2    Sequences of real numbers 

Block 3    Limits and continuity of functions of one real variable 

Block 4    Derivation of functions of one real variable 

Student evaluation in this subject included a final examination covering everything in the subject 
syllabus and several theoretical and practical tests in which students were required to work out and 
solve theoretical and practical problems and exercises covering all the material taught since the 
beginning of the year until the time of the test, but particularly focusing on the most recently taught 
material. The error detection task described here was based on these first interim tests, given after 
students have presumably focused on the specific aspects being tested. 

It should be noted that this subject traditionally has a high failure rate. See, for example, the efficacy 
rates (percent ratio between the number of credits passed and the number of credits attempted) for 
the years 2010-11, 2011-12 and 2012-13 [5, Figure 1] or 2014-15 [6, Figure 1]. Furthermore, it should 
also be noted that the main problems encountered are reported by the teaching staff responsible for 
this subject to the first semester and degree committees, which meet to discuss operation of first 
semester or degree subjects, respectively. 

3 ERRORS DETECTED IN THE THEORETICAL AND PRACTICAL TESTS 
Many of the concepts in the subject “Analysis of a real variable I” are not entirely new to the students; 
however, this may be the first time that many of them have been formally presented. Consequently, 
the aim of this initiative was to help students understand and use these notions by means of analysing 
the errors they committed in theoretical and practical tests administered over the course of the 
academic year (for the context of the subject, see the previous section). This activity obliged students 
to re-read and re-analyse these concepts, hopefully consolidating their assimilation of the main 
concepts and techniques in each thematic unit. 

The questions that made up the various tests from which some of the students’ errors were taken, 
were drawn up together with the teacher of the other class on this subject and were designed to cover 
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the most characteristic notions, results and techniques studied in each thematic block. Here, we have 
placed particular emphasis on the first tests covering blocks 1 and 2, which are very important in terms 
of laying the foundations for students to progress. 

After completing the test but before drawing up a list of criteria to be used for correction together with 
possible penalties and errors, the teacher presented the solutions in class to provide students with 
immediate guidance on how to approach and complete the exercises. The fact that the test was 
recent, and therefore still present in the students’ minds after having tried to answer it, might help 
them to immediately correct some of the shortcomings and errors in their answers. 

Below, we present a list of the students’ main errors, mistakes or misunderstandings in the theoretical 
and practical tests administered in several academic years since 2013-14. The errors have been 
grouped according to their corresponding thematic block within the subject, although an error may 
sometimes belong to various blocks at the same time or can be attributed to a poor pre-university 
grounding. Thus, we have also included a section on generic errors that are not directly related to the 
subject matter in question. The errors in each block have been further sub-divided into different 
sections according to the type of mistake made, its nature or the reason for having committed it.  

Each year, students were given the list of errors and told that these had been compiled and distributed 
in order to help them analyse the errors — both those they had committed personally and those made 
by their classmates — so as not to repeat similar mistakes in future tests. Evidently, these errors were 
presented anonymously, with no indication of who had committed each specific error. In addition, the 
teacher explained the solutions to the test after the students had taken it so that they would know how 
to solve the problems before reading the list of errors, mistakes and misunderstandings. 

Although these lists contained specific errors or mistakes, we have observed over the years that they 
tend to be repeated, and therefore anticipated that an explanation might also help mitigate their 
repetition in subsequent similar evaluation tests. Some particularly representative and conspicuous 
examples are as follows. 

3.1 Detection of generic errors 
(3.1-a) Very obvious errors possibly committed because of working rapidly and not revising the 
procedure followed or the statements made. 

𝑛" + (𝑛 − 2)(𝑛 − 3) = 𝑛"(𝑛 − 2)(𝑛 − 3)
 

𝑛* − 5𝑛 + 6
𝑛" + 𝑛* =

𝑛*

𝑛" + 𝑛* 
𝑛* − 3
2𝑛* =

−3
𝑛*  

𝜋 + 2
2 ∉ ℝ

 

𝑛* − 3
2𝑛* − 𝑛 + 4 −

1
2 =

𝑛* − 3 − 2𝑛* + 6
2𝑛* − 𝑛 + 4  

𝑛* − 3
2𝑛* − 𝑛 + 4 −

1
2 =

𝑛* − 3(2𝑛* − 𝑛 + 4)
2(2𝑛* − 𝑛 + 4)  

(3.1-b) Very basic calculation errors (possibly due to occasional lapses in concentration, not revising 
the calculations or inadequate prior learning), for example in the addition and subtraction of fractions 
or powers. Some particularly conspicuous examples are as follows:  

2
*
+ 1 = "2

*
  

(The correct one is: 2
*
+ 𝜋 = "2

*
 ) 

3453657
34

= 1 − 3657
34

 
(Recall que a negative sign before a 
fraction affects the entire fraction) 

𝑎3 + 𝑎3
2

> 𝑎3 
If 𝐿 = √𝐿 + 2 then 𝐿* = 𝐿 + 4 
(The correct one is: 𝐿* = (√𝐿 + 2	)* =
𝐿 + 4√𝐿 + 4 or (𝐿 − 2	)* = 𝐿)  

1 · 2 · 3 > 2" 

(It is evident that 6 is not greater than 8) 
−2𝑥 + 𝑥 ≤ −2	 ⇒ 	𝑥 ≤ −2 
(The correct one is: 𝑥 ≥ 2) 
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−𝑥 ≤
𝜋
2
− 1 ⇒ 	𝑥 ≥

𝜋 − 2
2

 

(The correct one is: 𝑥 ≥ 1 − 2
*
= *52

*
 ) 

𝑛* − 5𝑛 + 6𝑛 = 𝑛* − 𝑛 

(It is clear that 𝑛* − 5𝑛 + 6𝑛 = 𝑛* + 𝑛) 

(1 + 𝜀)3 = 13 + 𝜀3 
(In general it is not true that (𝑎 + 𝑏)3 =
𝑎3 + 𝑏3) 

𝑥D − 𝑎D

𝑥E − 𝑎E
=

1
𝑥E5D − 𝑎E5D

 
(Complete failure to grasp the basic 
rules of powers) 

(Context: 𝑛 ≥ 1) 	33	33	33 = 3	33 

(It is satisfied that 33	33	33 = 	(27)3) 

(Context: 𝜀 > 0 y 𝑛 ≥ 1) 
1 + 33𝜀 + 𝜀 + 33𝜀* < 1 + 33𝜀 + 𝜀 
(It is evident that 1 + 33𝜀 + 𝜀 +
33𝜀* > 1 + 33𝜀 + 𝜀) 

𝑎* = 4 ⇒ 	𝑎 = 2 
(𝑎* = 4 implies 𝑎 = ∓2) 
 

(Context: [·] denotes the integer part)  
If 𝑔(𝑥) = −[𝑥] − [−𝑥], then  
𝑔(𝑛) = −[𝑛] − [−𝑛] = 1 
(The correct one is: −[𝑛] − [−𝑛] = 0 

(3.1-c) Errors of reasoning and lack of coherence (possibly due to not fully understanding the 
formulation or attempting to arrive at the desired result without using logical reasoning). 

• (Context: Demonstrate that if a sequence converges to a positive number, there is a term in the 
sequence after which all of the following terms are positive) By reduction ad absurdum, suppose 
that there are not positive terms. 
(This is not the opposite of what should be shown. There might be negative terms, but it is 
necessary to show that after a given point they are all positive) 

• (Context: Study the monotony of two related sequences) We suppose that 𝑏3 is decreasing and 
we next prove that 𝑎3is increasing. […] We suppose that 𝑎3 is increasing and we next prove 
that 𝑏3	is decreasing. 
(This type of reasoning leads to a vicious circle) 

• Suppose that 1 · 2 ··· 𝑛 > 23, then 1 · 2 ··· 𝑛 · (𝑛 + 1) > 23(𝑛 + 1) ≥ 23(23 + 1) 
(One can see here that the student does not have a clear idea of how to demonstrate that the 
property is true for the case 𝑛 + 1 and tries to use incomprehensible inequalities) 

• (Context: Prove in terms of 𝜀 and 𝑛M that a sequence is convergent) 𝑛_0 = {[1/𝜀] + 1,0} 
(Presumably, the student has forgotten that this is a maximum and furthermore, adding a 0 in 
this maximum is clearly superfluous) 

• (Context: By hypothesis of the exercise we have 0 < 𝑎 < 𝑏) Case 1: 𝑏 ≥ 𝑎 […]; Case 2: 𝑏 < 𝑎 
(In this case, the student has not re-read the formulation) 

(3.1-d) Errors of mathematical notation. 

• (Context:	𝐴 = {(2𝑛 − 2)/𝑛, 𝑛 ∈ ℕ}) 𝐴 = [0,1, 4/3,6/4,… ]  

(The correct one is: 𝐴 = W0,1, X
"
, Y
X
, … Z) 

(3.1-e) Errors of rigour and form. 

• We state that the infimum of the set B is 𝑖𝑛𝑓 𝐵 = √7 
(The student does not show anything although the formulation of the exercise makes it clear) 

• (Context: Prove in terms of 𝜀 and 𝑛M that a sequence is convergent) 𝑚á𝑥{𝑛M = [·], 5} 
(The student should realise he/she is not taking personal notes but is completing a university 
test) 

• Often, students write inequalities (of no little importance) correct but no working out is given. 
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• Often, students fail to show formally that a sequence is bounded above or below. The same 
occurs with the property of monotony. At other times, students do not show why they have ruled 
out the values that are not a solution for the limit of the sequence. 

3.2 Detection of students’ own errors in block 1: axiomatic introduction of 
real numbers 

(3.2-a) Errors in inequalities of real numbers: 

0 < 𝑥 < 2	 ⇒ 0 <
1
𝑥 <

1
2 

(The correct one is: 0 < 𝑥 < 2 ⇒	 7
`
> 7

*
 ) 

0 < 𝑥 < 2	 ⇒ 0 > 𝑥 >
1
2 

(This indicates that the student has not 
revised what he or she has written since the 
answer is incoherent) 

0 < 𝑥^2 < 4 ⇒ 0 < 1/𝑥^2	 < 1/4 

(The correct one is: 0 < 𝑥* < 4 ⇒ 7
`6
> 7

X
 ) 

0 < 𝑥^2 < 4 ⇒ 1/4 < 1/𝑥^2	 < 0 
(The student has not realised that he or she 
has written that the inverse of a square is 
negative)  

−1 < 𝑥 < 3 ⇒ −𝑥 < 𝑥* < 3𝑥 
(It is worth noting that if we multiply by 𝑥 the 
inequality remains true when 𝑥 is positive. If 
𝑥 < 0 the inequality changes and the inequality 
above is false in general) 

−1 < 𝑥 < 3 ⇒ 1 < 𝑥* < 9 
(The correct one is: −1 < 𝑥 < 3 ⇒ 𝑥* < 9. If 
𝑥 is between −1 y 3 it could be 𝑥 = 0 and 
𝑥* = 0, thus the inequality above would be 
false) 

(Context: 𝛿 > 0) If 1/4 < 𝑥^2 < 9/4 then 
𝛿^2/𝑥^2	 < 𝛿^2 · 1/4 
(The correct one is: If 1/4 < 𝑥^2 < 9/4 then 
𝛿^2/𝑥^2	 < 4𝛿^2) 

Since 3𝑥3 > 𝑥3… 
(3𝑥3 > 𝑥3 is true when 𝑥3 > 0. If 𝑥3 < 0 the 
inequality changes. That is, if the student 
wants to use the inequality above, he or she 
should prove 𝑥3 > 0) 

(Context: Prove that 𝑥3d7is bounded below) 
We suppose that 𝑥3 > 0, then 𝑥3d7 =

"d"`e
"d`e

>
"
"
= 1 

(To prove that 𝑥3d7 > 0 it suffices to observe 
that it is a quotient of positive numbers) 

(Context: Prove that 𝑥3d7is bounded below) 
We suppose that 𝑥3 > 1, then 𝑥3d7 =

"d"`e
"d`e

>
"d"·7
"d7

= 1 
(As in the previous example, the term 𝑥3 also 
appears in the denominator, and the 
inequality is not necessarily true). 

(3.2-b) Errors in rational and irrational numbers. 

(Context: 𝐵 = {𝑥 ∈ ℚ: 1 < 𝑥* ≤ 7}) […] Thus the 
maximum of 𝐵 is √7 because it is a rational 
number 

(It is known that h𝑝 is not a rational number when 
𝑝 is prime). 

𝜋 + 2
2 ∈ ℚ 

(𝜋 is irrational, and the sum of a rational 
number with an irrational one is irrational) 

(3.2-c) Errors made in the property of density of ℚ in ℝ. 

• Given 𝑎, 𝑏 ∈ ℝ with 𝑎 < 𝑏 the density property assures an element 𝑐 ∈ (𝑎, 𝑏)  
(The stated property is true without the need to apply the property of density of ℚ in ℝ, for 
example using the midpoint. Here the student has forgotten to say that the element found is 
rational) 

(3.2-d) Errors committed in the process of induction. 

• (Context: Prove that a sequence {𝑥3} is bounded below) We suppose that the induction 
hypothesis is 𝑥3 > 4 for each 𝑛 ∈ ℕ. 
(The induction hypothesis would be 𝑥3 > 4 for a concrete natural number 𝑛)  
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• (Context: Prove that a sequence {𝑥3} is strictly decreasing) We suppose 𝑥7 > 𝑥* and we next 
show that 𝑥3d7 > 𝑥3d*. 
(The correct method would be to prove 𝑥7 > 𝑥* previously, and after that suppose that 𝑥3 > 𝑥3d7 
and prove that 𝑥3d7 > 𝑥3d*)  

• (Context: Prove that a sequence {𝑥3} is bounded below by 0) We suppose that 𝑥3 > 4 and we 
next show that 𝑥3d7 > 0. 
(The induction process is not properly applied in this case. We should suppose that 𝑥3 > 0 and 
prove that 𝑥3d7 > 0) 

• It is satisfied that 23(𝑛 + 1) > 23 · 2 for each 𝑛 ∈ ℕ. 
(Without specifying from which value of 𝑛 this inequality is verified, the statement is not correct 
because for 𝑛 = 1 we have 23(𝑛 + 1) = 23 · 2) 

• (Context: Prove that a sequence {𝑥3} is monotone) By induction, we suppose that 𝑥3 < 𝑥357, 
then 𝑥3d7 =

"d"`e
"d`e

< "d"`ekl
"d"`ekl

 

(The inequality is not necessarily true because 𝑥3 is also in the denominator) 

• Suppose that 𝑥3 > 𝑥357, then 𝑥3d7 = h𝑥3h𝑦3 > h𝑥357h𝑦357 = 𝑥3 

(The hypothesis does not concern 𝑦3)  

(3.2-e) Errors in identification of sets of real numbers. 

(Context: 𝐴 = W*35*3
, 𝑛 ∈ ℕZ)  

We state that 𝐴 = [0,2) 

(It is not true because there are real numbers 
which are not in the set 𝐴) 

(Context: 𝐵 = {𝑥 ∈ ℚ: 1 < 𝑥* ≤ 7}) We state 
that 𝐵 = (−√7,−1) ∪ (1, √7) 

(It is not true because the elements in 𝐵 are 
rational numbers. However, 𝐵 ⊂ (−√7,−1) ∪
(1, √7)) 

(Context: 𝐵 = {𝑥 ∈ ℚ: 1 < 𝑥* ≤ 7}) We state that 
𝐵 ⊂ (1, √7) 

(The student has not remarked that 𝐵 contains 
negative numbers) 

(Context: 𝐶 = W𝑥 ∈ ℝ: `* ≤ |𝑥 − 1| ≤ 2
*Z) We 

state that 1 ∈ 𝐶 

(It is evident that 𝑥 = 1 does not satisfy the 
first inequality) 

(3.2-f) Errors committed in the supremum, infimum, maxima and minima of sets of real numbers. 

The set 𝐴 is not bounded above […] We 
conclude that sup𝐴 = 2. 
(This shows a lack of coherence and indicates 
that the student has not revised what he or she 
has written) 

The set 𝐴 is bounded below because there it 
is not bounded above  
(Absence of upper bounds of 𝐴 does not 
imply that A is bounded below) 

We state that 𝐴 ⊂ u52* + 1,
*
"v ∪ u2,

2
*
+ 1v and 𝐴 is 

not bounded above nor bounded below. 
(The student does not understand what an 
upper or below bound means) 

If 𝐶 = W𝑥 ∈ ℝ: `* ≤ |𝑥 − 1| ≤ 2
*Z then 2

*
 is an 

upper bound for 𝐶. 

(This is false, for example 2
*
+ 1 satisfies the 

inequalities which define the set 𝐶. In any 
case, 2

*
 is an upper bound for |𝑥 − 1| ) 

(Context: 𝐴 = W*35*3
, 𝑛 ∈ ℕZ) We state that 𝐴 is 

not bounded above. 
(This is false, it not difficult to prove that 2 is an 
upper bound because  
*35*
3

= 2 − *
3
< 2) 

(Context: 𝐴 = W*35*3
, 𝑛 ∈ ℕZ) We state that 

𝑚á𝑥	𝐴 = 2. 

(This is false because *35*
3

= 2 − *
3
< 2. 

Hence 2 is not included in the set 𝐴) 
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(Context: 𝐴 = W*35*3
, 𝑛 ∈ ℕZ) By reduction ad 

absurdum, we next prove that 2 is the 
supremum of 𝐴, denoted as 𝛼. Suppose that 
𝛼 < 2, then 0 < 𝛼 < xd*

*
< 2, which represents a 

contradiction as xd*
*
∈ 𝐴. 

(It is not true because the point xd*
*

 is not 
necessarily in the set 𝐴. Note that the elements 
𝑥 in 𝐴 are of a concrete form, specifically 𝑥 =
*35*
3
, 𝑛 ∈ ℕ) 

(Context: 𝐵 = {𝑥 ∈ ℚ: 1 < 𝑥* ≤ 7}) Suppose 
by reduction ad absurdum that the infimum 𝛽 
of the set 𝐵 is less than −√7. Then, by taking 
the midpoint between −√7 and 𝛽, we get a 
contradiction. 
(As in the previous example, the midpoint 
does not lead to a contradiction because it is 
not necessarily rational and hence does not 
necessarily belong to the set). 

(Context: Find the supremum 𝛼 of a set 𝐴) Let 
𝜀 > 0, then there exists 𝑑 ∈ 𝐴 such that 𝛼 − 𝜀 <
𝑑. Hence the supremum of 𝐴 exists. 
(Not specifying what 𝛼 is or what form 𝑑 takes 
gives the impression that the student has 
perhaps memorised the answer) 

(Context: 𝐶 = W𝑥 ∈ ℝ: `* ≤ |𝑥 − 1| ≤ 2
*Z) Since 

𝑥 ≥ 1 − 2
*
, we have that í𝑛𝑓𝐶 =

75|6
*

. 

(The letter 𝑥 is used to identify the elements 
of the set 𝐴. If we can show that 𝑥 is higher 
than a given real number, this same number 
will be a lower bound of C) 

(Context: Find the infimum of a set 𝐴 which is 
defined by inequalities) We state that 𝐴 is 
bounded below by `

*
+ 1.   

(𝑥 is the variable that is used to identify the 
elements of 𝐴, it is not a real number). 

(Context: Find the infimum of a set 𝐴 which is 
defined by inequalities) We state that í𝑛	𝐴 = 
`
*
.   

(As in the previous example, a lower bound 
depending on the variable 𝑥 does not make 
sense). 

3.3 Detection of errors in block 2: sequences of real numbers. 
(3.3-a) Errors in the definition of convergence of sequences: 

• A sequence {𝑥3} is convergent to 𝑥 ∈ ℝ when ∀𝑛M ∈ ℕ there exists 𝜀 > 0 s.t. |𝑥3 − 𝑥| < 	𝜀 
(The correct definition is that a sequence {𝑥3} is convergent to 𝑥 ∈ ℝ when ∀𝜀 > 0  there exists 
𝑛M ∈ ℕ such that |𝑥3 − 𝑥| < 	𝜀 ∀𝑛 > 𝑛M) 

• |𝑥3 − 𝑥| < 	𝜀 when ∀𝜀 > 0 there exists 𝑛M ∈ ℕ with 𝑛 > 𝑛M. 
(There is an error in the definition of convergence. In addition, the student has initially 
considered 𝜀 without having introduced it previously). 

• Fixed 𝜀 > 0, since |𝑥3 − 𝑥| ≥
357
*

, the definition of convergence is satisfied when 𝑛M < 1 + 2𝜀 

(The student has attempted to bound |𝑥3 − 𝑥|	 below in terms of 𝑛 and concludes by saying that 
the definition of convergence is verified taking 𝑛M < 1 + 2𝜀. This shows that he or she has not 
fully understood the definition of convergence) 

(3.3-b) Errors in determination of the 𝑛M that appears in the definition of convergence: 

(Context: Prove, by definition, the 
convergence of a sequence of real numbers) 
We take 𝑛M = {u*� + 4v + 1,5}.  

(The student has forgotten to add the maximum 
between the distinct values). 

(Context: Prove, by definition, the 
convergence of a sequence of real 
numbers)  
We take 𝑛M = 𝑚á𝑥{7

�
, 2,4,5}.  

(The student has forgotten to add the 
integer part of the fraction). 

(Context: Prove, by definition, the convergence of a sequence of real numbers) Since |𝑥3 −
𝑥| < 7

3
 for 𝑛 > 5, the definition of convergence is satisfied by taking 𝑛M = u7�v + 1.  

(The value of 𝑛M ∈ ℕ must be greater than or equal to the maximum between certain 
expression that depends on 𝜀 and a fixed value that it may have been necessary to use 
previously in inequalities, in this example, the value 6. That is, in this example we should take 
𝑛M ≥ 𝑚á𝑥{u7�v + 1,6} ) 

2162



(3.3-c) Errors in the elimination of the absolute value in the expression |𝑥3 − 𝑥|	 that appears in the 
definition of convergence: 

(Context: Prove, by definition, the 
convergence of a sequence of real 
numbers) We have that  	
� 357M
X365*3d�� =

3d7M
X365*3d�

. 

(It is an elementary error) 

(Context: Prove, by definition, the 
convergence of a sequence of real numbers) 
We have that  	
� 357M
X365*3d�� =

3d7M
X36d*3d�

. 

(This is a very basic error. Giving all these 
values a positive sign does not make this 
equality true) 

(Context: Prove, by definition, the 
convergence of a sequence of real 
numbers) We have that  
 � 3�

3�d(35*)(35")
− 1� = 3�

3�d(35*)(35")
− 1. 

(It is clear that the sign of the expression 
must be changed) 

(Context: Prove, by definition, the 
convergence of a sequence of real numbers) 
We have that  
 � 365"
*3653dX

− 7
*� =

365"
*3653dX

− 7
*
. 

(This equality is not true for any 𝑛 ∈ ℕ) 

(3.3-d) Errors in the inequalities used to bound the expression |𝑥3 − 𝑥| in the definition of 
convergence: 

We have that  3653
3�d365�3dY

< 3653
3�d36

. 

(It is not true for any 𝑛 ∈ ℕ,with 𝑛 > 1) 

We have that  365�3dY
3�d365�3dY

< 365�3dY
3�d365�3d3

. 

(It is not true for any 𝑛 ∈ ℕ, with 𝑛 > 6) 

We have that  357M
X365*3dX

< 357M
X365*3d3

. 

(It is not true for any 𝑛 ∈ ℕ,with 𝑛 > 4) 

We have that  �
l
63d7

*3653dX� < �
l
63d7

53dX� =
l
63d7

53dX
 

(These are very elementary errors) 

(3.3-e) Errors in the calculation of the limit of a sequence: 

lim
3→�

⎝

⎜
⎛
�1 −

1
𝑛X

𝑛* − 1

�

34
3657

⎠

⎟
⎞
= 𝑒. 

(The correct result is 7
�
) 

lim
3→�

��1 −
𝑛* − 1
𝑛X �

34
3657

�

�6
*

=
𝑎*

2𝑒. 

(The correct result is 𝑒5
�6

6 ) 

(3.3-f) Errors in the properties of convergence and manipulation of sequences: 

If {𝑥3} is convergent, then {𝑥3} is monotonous 
and bounded. 
(This is not true. For example, it is known that 

 is convergent and, however, it 

is not monotonous. The correct result is that if 
{𝑥3} is monotonous, then {𝑥3} is convergent 
iff, {𝑥3} is bounded) 

Since lim
3→�

`e�l
`e

= 𝜆 > 1, we have that `e�l
`e

> 1 
∀𝑛 ∈ ℕ and hence {𝑥3} is strictly increasing. 

(If lim
3→�

`e�l
`e

= 𝜆 > 1, the correct argumentation 

is that there exists 𝑛M ∈ ℕ such that  `e�l
`e

> 1 
∀𝑛 > 𝑛M and hence {𝑥3} is strictly increasing 
from 𝑛M) 

(Context: Prove that a sequence is 
convergent) We suppose by reduction ad 
absurdum that the sequence {𝑥3} is not 
convergent to a real number. Thus {𝑥3} 

We have that 7
�e
≤ 7

�e
 implies 𝑏3 ≤ 𝑎3. 

(First, one must show that the terms of the 
sequence are positive, otherwise this kind of 
inequality is not necessarily true) 

n
x

n

n
)1(-

=
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diverges to infinity. 
(The fact that a sequence does not converge 
with a real number can also mean that it is 
oscillating, as in the case of 𝑥3 = (−1)3) 

The sequence given by 𝑏3 = 1 − 7
3
 is 

decreasing. 
(It is not true. In fact, {𝑏3} is increasing because 
𝑏3d7 > 𝑏3 for each 𝑛 ∈ ℕ) 

3.4 Detection of errors in blocks 3 and 4 
Since blocks 1 and 2 form the students’ first contact with the subject (and they indicate how they 
should approach it and lay the foundations for them to progress), a more detailed analysis was 
conducted of the errors made in these first interim tests. However, on blocks 3 and 4, we detected 
errors in elementary functions, the calculation of limits and derivatives, or in results of continuous 
and/or differentiable functions. 

4 CONCLUSIONS 
In general, the task of detecting and compiling errors is relatively time consuming. It therefore requires 
a commitment, but provides students with very useful information. Although a more exhaustive 
analysis could have been conducted, this study focused primarily on the first tests given (about blocks 
1 and 2), which introduce and accustom students to how they are expected to work in this subject. 
However, the task could also be extended to include the subject matter taught subsequently. 

The list of errors, mistakes and misunderstandings presented here suggests a worrying deficit in the 
level of knowledge with which some students arrive at university. As readers can see, some of the 
errors detected are very elementary. It is possible that some students decided to sit the test without 
having prepared for it properly, but even so, such basic errors should not occur. We also found that 
some students assumed that the first examination on the subject was very difficult to pass, and thus 
from a psychological point of view were resigned to having to take the subject again. As a result, they 
made very obvious errors in these first tests and did not revise their answers. 

However, some of the other mistakes detected in this particular area of the subject syllabus could be 
classified as normal. Even if the teaching staff draw attention to these in the explanations given in 
class, some students remain unaware of their real difficulty. Faced with slight changes in the 
formulation and procedure of a particular exercise, some of these students did not know proceed 
correctly. 

On a large number of occasions, the teacher would have liked to have spent more time in class on the 
specific errors detected in each thematic block of the subject, but time is unfortunately limited and it is 
already difficult to cover the full subject syllabus. However, this type of initiative, for example the 
present study and similar proposals, could help students identify these difficulties independently. Many 
errors related to rigour, clarity and form could be attributed to the fact that these were first year 
students who are still beginners in this process. Hence, the list of examples of errors in this part is not 
exhaustive. 

Although we did not conduct a student satisfaction survey, we believe that the students presented a 
high level of satisfaction with the initiative, and we observed an improvement in writing and 
performance in subsequent tests after distributing the list of common errors, mistakes and 
misunderstandings detected in interim tests. 
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