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Abstract 
Successful learning is characterized by being meaningful and that should also be the aim of any 
educational activity. The meaningful learning of the derivative concept is crucial to be consciously 
applied in science and engineering. Such application is difficult in specialities other than Physics and 
Mathematics. Our goal is to develop a method to facilitate conscious learning of this concept and its 
applications in science problems. In this paper, our methodology takes into account the observations 
and the difficulties previously indicated. First, through a simulation, the derivative is presented as a 
quality of the dynamic change in respect to the independent variable. Second, the interpretations of this 
concept must be systematically used in all operations with derivatives. The first point is useful to 
introduce the physical and geometric meanings of the derivative. The second point is useful to interpret 
the rules and calculations with the derivatives. In addition, our method considers the principles of 
meaningful learning and presents a set of procedures to achieve this type of learning. This method is 
broken in five steps. First, the concepts of function and function limit are used as potentially meaningful 
knowledge. The procedure incorporates experimental demonstrations to establish the relationship 
between a concrete fact (reality of a situation) and the concept abstraction process. In that way, the 
secant line is not introduced ad hoc. Second, the processes of progressive differentiation and integrative 
reconciliation of the mathematical concepts are related to physical magnitudes frequently used in 
science. Those processes are performed according to the theory of conceptual fields. Third, the 
interpretations of the derivative are related to the definitions and rules that allow to calculate the 
derivatives. Fourth, the concept of differential of a function is introduced and its interpretation takes as 
reference the concept of derivative. Fifth, physical and geometric interpretations are applied in different 
types of problems and its effectiveness is verified. The procedure has been applied in the course of 
Calculus and Analysis of the Bioinformatics degree of Universidad San Jorge, Spain. Our main results 
are indicated as follow. First, a methodology that allows meaningful learning of the interpretations of the 
derivative concept and its applications to problems of diverse nature is presented. Second, the 
procedure is verifiable during the metacognitive process. Third, students successfully pass the exam of 
derivative and their applications. 
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1 INTRODUCTION 
Learning should be characterized by its meaningful character. In educational terms, non-meaningful 
learning is a waste of time [1]. In this regard, any teaching activity should follow the principles of this 
type of learning. Teaching the derivative plays an important role among the teaching activities. The 
derivative concept together with its geometric and physical interpretations are crucial for their 
applications in different science and engineering branches. These interpretations should be applied in 
a substantive and non-arbitrary way. However, the conscious application of such concepts is not easy. 
This difficulty is noticeable in specialties other than Physics or Mathematics (a fact that the first author 
has observed in his long teaching career).  Symbolism and mathematical rigour represent a difficulty for 
the student provided that the derivative meaning has not been previously explained. In practice, those 
meanings are introduced as a consequence of the concept and not from an objective reality. On the 
other hand, when the physical interpretation of the derivative is exemplified only by the instantaneous 
speed, its applicability to other scientific scenarios is restricted. Furthermore, the study of the derivative 
operations is presented separated from its interpretations.  

In a previous paper [2], a methodology combining basic concepts from Physics and Mathematics was 
presented. Its aim was to build specific relevant knowledge in order to enroll in the Applied Physics 
course in the Pharmacy Degree. It was proven that it was possible to develop a methodology to introduce 
systematically mathematical topics through approaches constructed from objective reality. The objective 
of this word is to develop a methodology that facilitates the conscious learning of the derivative concept 
and its applications in science problems.  The methodology presented is based on meaningful learning.   
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It is structured in five steps presented in section 2. Results are described in section 3, showing 
indications of meaningful learning and the conclusions are in section 4. 

2 METHODOLOGY 

2.1 Meaningful learning 
Meaningful learning is a learning method where new ideas, symbolically expressed, interact with 
previous knowledge in a substantive and non-arbitrary manner. The first manner means that it is not 
literal. The second one means that the interaction occurs only with specifically relevant previous 
knowledge of the learner’s cognitive structure. In this process, new knowledge acquires meaning for the 
learner, whereas previous knowledge provides a greater cognitive stability to the new meaning [3]. On 
the other hand, progressive differentiation and integrative reconciliation process are considered as 
elements that facilitate meaningful learning. 

2.2 Conceptual field theory  
Conceptual field theory is compatible with the meaningful learning theory that is interpreted in terms of 
progressivity and complexity [4], [5], [6]. Some of its principles are: conceptualization is the core of 
cognitive development; situations give meaning to concepts and the domain of a set of interrelated 
problem-situations with different levels of complexity; it is a slow process with ruptures and continuities. 

2.3 New methodological design 

2.3.1 Methodology 
According to our goal, we will develop a method to facilitate conscious learning of this concept and its 
applications in science problems.  

Our methodological design takes into account the observations and the difficulties previously indicated. 
Also, we consider the principles of meaningful learning [1], [3] and conceptual field theory [4], [5], [6] 
and present a set of procedures to achieve this type of learning. First, through a simulation (see sections 
2.3.2 and 2.3.3), the derivative is presented as a quality of the dynamic change in respect to the 
independent variable. Second, the interpretations of this concept must be systematically used in all 
operations with derivatives. 

Our method consists of five steps: 

First, the concepts of function and function limit are used as potentially meaningful knowledge. The 
procedure incorporates experimental demonstrations to establish the relationship between a concrete 
fact (reality of a situation) and the concept abstraction process. In that way, the secant line is not 
introduced ad hoc. 

Simulation can be useful to consolidate previous concepts [1]. If there is no previous knowledge, the 
procedure can be used to give meaning to the concepts of function and function limit. 

Second, the processes of progressive differentiation and integrative reconciliation of the mathematical 
concepts are related to physical magnitudes frequently used in science. Those processes are performed 
according to the theory of conceptual fields. 

Third, the interpretations of the derivative are related to the definitions and rules that allow to calculate 
the derivatives. 

Some properties and rules of the derivatives can be introduced and visualized through simulation.  

Fourth, the concept of differential of a function is introduced and its interpretation takes as reference the 
concept of derivative. 

Fifth, physical and geometric interpretations are applied in different types of problems and its 
effectiveness is verified. 

All the steps should be taken progressively and in ascending order of complexity [4], [5], [6]. In addition, 
some metacognitive strategies should be applied during the teaching-learning process. The strategies 
combine two simultaneous processes:  monitoring the achievement and making changes to achieve the 
result [7]. In the same way, collaborative work should be used in order to share meanings [1]. 
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The procedure has been applied in the Calculus and Analysis course of the Bioinformatics degree at 
Universidad San Jorge, Spain. 

2.3.2 Application 
An application done using the GeoGebra software is available on address: https://www.geogebra.org/m/ 
vvwgph6v. It is called “Geometric interpretation of the derivative”. 

In this application a generic function has been implemented. Its dependent and independent variables 
are  𝑥 and 𝑦, respectively.  They are generic variables because they can be associated with any physical 
magnitude. The function is graphically represented. Curve points 𝑃$ and 𝑃% are selected and joined by 
the secant line. At point 𝑃$ a tangent line is drawn. 

The system is activated by clicking on a button on the upper left side. Then, the secant line approximates 
until it coincides with the tangent line. This action can take place at different speeds.  Speed can be 
changed in the line behind the button at the beginning of the simulation. 

For specific purposes, the represented function can be changed.  

2.3.3 Simulation and recommendations in action 
Without activating the animation, it can be shown that the online representation links directly the function 
concept to change. The same graph suggests that change can be represented with a secant line. 
Physical magnitude examples related to the concept of function can be given. For example, the energy 
concept. It is necessary to check that the concept of function has a meaning for the student [1]. 

At the beginning the simulation, it should be highlighted that the variables perform a dynamic change 
process. At this point, the limit concept plays an important role and it should be used as previous 
knowledge [1]. Even though we talk about change, it is necessary to establish the differences of the 
change that takes place with a function and a limit.  

Simulation should be repeated so that students realize the geometric interpretation of the derivative.  

The same procedure could be applied changing the speed of the transformation of the secant line into 
the tangent line. The student should understand that the speed of change is another interpretation of 
the derivative. In addition, it will be observed that there are two simultaneous interpretations of the 
concept.  

In order to explain properties of the derivative and rules of the derivatives, the initial function can be 
changed and perform the previous operations. Students will realize that everyday operations are related 
to physical and geometric interpretations.  

3 RESULTS 
Simulations were performed at different change speeds of the dependent variable regarding the 
independent variable. Students learn that the concept of the derivative involves simultaneously the 
physical and geometric interpretations. For the student, new knowledge acquires a meaning of its own 
and previous knowledge is enriched, differentiated and more stable [8]. This is a typical example of 
cognitive interaction that can be justified. Students learn that the function and the limit are important 
because they are associated with change, and this is what science studies. With the function, change 
between two fixed points is analyzed. The limit establishes that the change has a dynamic character 
with a qualitative and a quantitative aspect. In this paper, only the qualitative aspect is relevant as it is 
associated with the derivative. The derivative tells us how and at what speed change is produced. This 
process is supported by progressive differentiation and integrative reconciliation [9]. In this way, the 
concepts of function, limit and derivative were linked to physical magnitudes studied in science [2, 9]. 

As a systemic method, interpretations of the derivative allowed to justify properties, rules and basic 
operations performed with it. These operations are introduced with a context. Thus, the concepts of the 
properties and rules make sense [4]. The concept of differential of a function can also be obtained from 
the definition of derivative. Students learn that the concept is related to the change of the dependent 
and independent variables. The concept of the derivative functions as an operational element, that is to 
say, a concept in action [6]. 

Students apply the physical and geometric interpretations in different contexts. Appart from the typical 
problems (slope equation and travel speed) [2], students apply these concepts to: determination of 
electric current intensity, determination of heating capacity, volume variations, radioactive disintegration, 
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bacterial population growth, determination of the angle between the tangent and the polar radius of the 
tangency point for different curves (Archimedes' spiral, hyperbolic spiral, logarithmic spiral, cardioid and 
the arc length of Bernoulli's lemniscate), etc. 

The metacognitive processes made it possible to evaluate the development of the process. This 
validation process allowed to make changes in order to adapt to the particular characteristics of each 
group of students.  

Collaborative work enabled to share meaning from different applications developed by the students [1]. 
At the same time, critical thinking was also developed [8]. 

Finally, students took a written test on derivatives and their applications. Twelve out of fourteen students 
passed the test. However, it is not wise to draw definite conclusions as students’ characteristics are 
changeable. For this reason, it is preferred to say that evidence of meaningful learning has been found 
after applying the method. 

4 CONCLUSIONS 
A methodology that allows meaningful learning of the derivative concept has been presented. Contrary 
to the traditional style, simulation has been used to acquire a concept with its own meaning for the 
student. This situation enabled its application in different fields.   

The procedure has a continuous validation process that permits to evaluate systematically meaningful 
learning evidence.  
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