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Abstract 
The work presents a methodology for teaching mathematical modelling skills to students. 
Mathematical modelling is a skill that needs to be taught in an appropriate context and the choice of 
context in schools can be problematic. Students need both conceptual understanding in mathematics 
and experience of real-world situations in the chosen context before they can model given situations 
confidently. Contexts extracted from the world of industry and commerce are often too far removed 
from personal experience for students to understand. Simple alternative contexts are required where 
personal experience can help to promote confidence and provide motivation. A simple mathematical 
model for how individual vehicles follow each other along a stretch of road is discussed. The ability to 
predict to response a vehicle in a stream of traffic to the behaviour of its predecessor is important in 
estimating what effect changes to the driving environment with have on traffic flow. Various models 
proposed to explain this behaviour have different strengths and weakness. In this paper we discuss a 
car following model and its results in a second-order or first-order ordinary differential equation. The 
consequent analysis of the model can be used as an application of techniques taught at first year 
undergraduate level, and as a motivator to encourage students to think critically about the physical 
interpretation of the results which the model produces.  

Keywords: mathematical model, second-order ordinary differential equation, characteristic equation, 
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Mathematics Subject Classification: Primary 34A05, 34A12; Secondary 53A17. 

1 INTRODUCTION 
A Mathematical model is an abstraction of a real-life scenario, system or event that uses 
mathematical language to describe and predict the behaviour, dynamics and evolution of said 
scenario, system or event. Mathematical Modelling is thus the step-by-step process of performing this 
abstraction from real scenarios to equations and formulas we can use to infer their characteristics. 
Reality is studied by Science and its different branches, known as disciplines. These disciplines 
conceptualize Reality, each in their own way within their area of study. These conceptualizations are 
then formulated as mathematical equations, either deterministic (fixed) or stochastic (partially 
random), depending on the nature of the scenario or system. Once the equations are formulated, they 
are solved to find solutions depicting the behaviour, dynamics and evolution of the their real-life 
counterparts. Upon evaluation, these solutions may not be accurate when contrasted with observed 
experimental data and might need calibration and adjustment. If no progress is achieved, the process 
goes back one step to find a better equation defining the system. Once the equations and solutions 
are verified and calibrated, the model is validated when it accurately describes Reality and its results 
can be shown to be reproducible and repeatable across the Scientific community. Mathematical 
models need to be reviewed from time to time to confirm if they are still relevant. As the disciplines 
and systems evolve, they may be updated or even replaced with new ones better depicting Reality. 
This is why mathematical models are at the core of the Scientific Method principle of falsifiability, 
providing a direct way to evaluate solutions, update descriptions and create new theories. 
Mathematical modelling aims to describe how something changes in time by using mathematical 
rules. 
What is a traffic flow? It is an exploration of interactions between vehicles, drivers and infrastructure in 
a general environment. When one thinks of modelling automobile traffic, it is natural to reason from 
personal experience and to visualize the car and driver as a coupled system, the driver responding to 
the surrounding vehicles and operating the car to make it become a part of the flow of freeway and city 
traffic. Thus the traffic is not just a mechanical process but one in which human decisions are involved, 
decisions which we have all experienced and can understand. 
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2 SIMPLE MODEL FOR TRAFFIC FLOW 
If you are driving along a road, one of the factors influencing your behaviour will be what the driver in 
front is doing. This will become particularly important if you are driving in conditions where overtaking 
is difficult or impossible. Mathematical models that seek to describe how a driver responds to the 
behaviour of the car in front are called „car following models“.  

A whole range of mathematical models and techniques have been brought to bear on the modelling of 
traffic flow including ideas from fluid dynamics[6], statistical physics[5]. 

In this paper we discuss a car following model that is a simplified version of a class of models with an 
established history in the traffic flow subject area.[1] 

There are two basic “building blocks” in modelling traffic flow: roads and vehicles. We consider roads 
as being made up of what are called single links. A single link is one way stretch of road with a single 
entrance for traffic to flow onto the road and a single exit for traffic to flow off. A two ways stretch of 
road between two points A and B would be represented by two links, one going from A to B and the 
other going from B to A. Models of how traffic flows along such a single link fall into the two broad 
categories of macroscopic and microscopic. In microscopic models the motion of each individual 
vehicle is simulated, typically in relation to the motion of the driver in front (car following models). 
Macroscopic theories, however, ignore the behaviour of individual drivers and instead attempt to 
model gross structures of traffic flow in terms of properties such as traffic density (vehicles-meter) and 
flow (vehicles-second).  

In the basic formulation of any of the car-following models, there is a relation between the acceleration 
of a car and the difference between its velocity and velocity of the car that goes in front of it. The 
simplest assume a given vehicle responds only to the car immediately in front of it. One useful 
approach is to assume that car n responds to the car in front of it, car n+1 say, according to the 
difference of their two velocities. Let a fraction 𝜆 of the velocity difference of the two cars be eliminated 
by acceleration (or deceleration) of the car n. Clearly deceleration will apply if velocity  	𝑢)	 > 𝑢)+,. 

If 𝑎)	 is acceleration, then we should have   

																																													𝑎)	 = 	−𝜆(𝑢) − 𝑢)+,).																																																													(1)		 
In terms of car positions, 

																																		
𝑑4𝑥)(𝑡)
𝑑𝑡4 = −𝜆 7

𝑑𝑥)(𝑡)
𝑑𝑡 −

𝑑𝑥)+,(𝑡)
𝑑𝑡 8.																																											(2) 

A somewhat more accurate model is to take into account a time delay T of the response of the driver 
in car n: 

																													
𝑑4𝑥)(𝑡 + 𝑇)

𝑑𝑡4 = −𝜆7
𝑑𝑥)(𝑡)
𝑑𝑡 −

𝑑𝑥)+,(𝑡)
𝑑𝑡 8.																																									(3) 

If all cars mover at the same speed   𝑢	and are equally space a distance 𝑑 apart, then one integration 
of (2) gives 

𝑢 = −	𝜆(𝑥) − 𝑥)+,) + 𝐶. 

In a typical formulation for a car following model, the driver of the following car adjusts her speed 
according to the relative velocity between her car and car in front – car following model that describes 
how driver behaviour is influenced 

																																				
𝑑4𝑥,(𝑡 + 𝑇)

𝑑𝑡4 = 𝜆(𝑥>(𝑡) − 𝑥,(𝑡) − 𝑑),																																														(4) 

where 

• 𝜆        – sensitivity coefficient – value is directly proportional to the reaction of the following 
driver to the relative velocity between vehicles,  

• 𝑇        – reaction time (thinking time of the following driver), 
• 𝑑        – preferred separation between the two vehicles, 
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• 𝑥>(𝑡) – position of the lead car, 
• 𝑥,(𝑡) – position of the following car. 

The positive number 𝜆 is a sensitivity coefficient that measures how strong the driver 1 responds to the 
acceleration of the car in front of her. The larger 𝜆´s value the larger the reaction of the following driver 
to the relative reaction of the following driver to the relative velocity between vehicles. Experiments 
carried out by the American company General Motors in the 1950´s found 𝜆  lies between 0.3 – 
0.4	𝑠B,. Under the assumption that all drivers react “very quickly”, one can take   𝑇 = 0. This is known 
as the Quick –Thinking-Driver (QTD) model.	[4] 

Our preferred separation tends to depend on our speed (short distance in slow moving traffic and 
greater distance in faster moving traffic). Assume that the following driver´s preferred separation is 
dependent on her velocity 

																																																							𝑑	 = 	𝜏
𝑑𝑥,(𝑡)
𝑑𝑡 	,																																																																			(5) 

where 𝜏 is preffered temporal separation (seconds).  

Using (5) into (4) we have 

																																	
𝑑4𝑥,(𝑡 + 𝑇)

𝑑𝑡4 + 𝜆𝑥,(𝑡) + 𝜆𝜏
𝑑𝑥,(𝑡)
𝑑𝑡 = 𝜆𝑥>(𝑡)	.																																		(6) 

3 APPLICATION TO INVESTIGATE STOPPING DISTANCE 
Consider two cars driving along the road at constant velocity 𝑈	(𝑚. 𝑠B,) and separated by a distance 
𝐷	(𝑚𝑒𝑡𝑒𝑟𝑠). At time 𝑡 = 0 we assume the following car is at a distance   𝐷 ≥ 0. How does the following 
car respond? 

We have the following initial value problem 

																																																
𝑑4𝑥,(𝑡)
𝑑𝑡4 + 𝜆𝜏

𝑑𝑥,(𝑡)
𝑑𝑡 + 𝜆𝑥,(𝑡) = 𝜆𝐷																																								(7) 

with initial conditions 

																																																									
𝑑𝑥,(0)
𝑑𝑡 = 𝑈,								𝑥,(0) = 0.																																																	(𝐶) 

This is ordinary differential equation of second order with constant coefficients. First we must find the 
general solution of the corresponding homogenous equation 

																																																										
𝑑4𝑥,(𝑡)
𝑑𝑡4 + 𝜆𝜏

𝑑𝑥,(𝑡)
𝑑𝑡 + 𝜆𝑥,(𝑡) = 0.																																					(7ℎ) 

Because of the differential properties of the exponential, a natural ansatz for the form of solution to 
(7ℎ) is  𝑥,(𝑡) = 𝑒MN, where r is a constant to be determined. Our ansatz has thus converted a 
differential equation into an algebraic equation  𝑟4 + 𝜆𝜏𝑟 + 𝜆 = 0 called characteristic equation. Using 
the quadratic formula her two solutions are given by 

𝑟,,4 =
−𝜆𝜏 ± √	𝜆4𝜏4 − 4𝜆

2 =
−𝜆𝜏 ± Q𝜆(𝜆𝜏4 − 4)

2 		[2], [3]. 

So we are solving  𝑟4 + 𝜆𝜏𝑟 + 𝜆 = 0 and we are given 3 cases: 

• 𝝀𝝉𝟐 − 𝟒 = 𝟎,			𝜆 = W
XY
	 . 

In this case  

𝑟, = 𝑟4 =
−𝜆𝜏
2 = 	

−4𝜏
2𝜏4 =

−2
𝜏 	. 

 Then 
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𝑥,Z = 𝑐,𝑒
B4
X N + 𝑐4𝑡𝑒

B4
X N 

𝑥,\ = 𝐴, 

From (7) we have  

𝐴 = 𝐷,		  𝑥,\ = 𝐷. 

The general solution of equation (7) is  

																																																																												𝑥,(𝑡) = 𝑥,Z + 𝑥,\

= 𝑐,𝑒
B4
X N + 𝑐4𝑡𝑒

B4
X N + 	𝐷.																																																						(8) 

Applying the initial conditions (C) to  (8), we determine the constants 𝑐,, 𝑐4. 

	𝑥,(0) = 0 

𝑐, + 𝐷 = 0, 		𝑐, = −𝐷. 

𝑑𝑥,(0)
𝑑𝑡 = 𝑈 

2𝐷
𝜏 + 𝑐4 = 𝑈, 𝑐4 = 𝑈 −

2𝐷
𝜏 	. 

So substituting 𝑐, and 𝑐4 into the equation (8), we  get 

𝑥,(𝑡) = 𝐷 − 𝑒
B4
X N _𝐷 − 𝑈 +

2𝐷𝑡
𝜏 `. 

• 𝝀𝝉𝟐 − 𝟒 > 𝟎,			𝜆 > W
XY

 
In this case equation (7ℎ) has two real and distinct roots 

𝑟,,4 =
−𝜆𝜏 ± Q𝜆(𝜆𝜏4 − 4)

2  

and solution 𝑥,(𝑡) includes hyperbolic sine and cosine functions 

sinh(𝑥) =
𝑒e − 𝑒Be

2 										cosh(𝑥) =
𝑒e + 𝑒Be

2 	, 
so  

𝑥,(𝑡) =
𝑒B

hX
4 N

Q𝜆(𝜆𝜏4 − 4)
7(2𝑈 − 𝜆𝜏𝐷) sinh _

1
2
Q𝜆(𝜆𝜏4 − 4)𝑡 −` −Q𝜆(𝜆𝜏4 − 4)𝐷 cosh _

1
2
Q𝜆(𝜆𝜏4 − 4)𝑡`8 + 𝐷	. 

• 𝝀𝝉𝟐 − 𝟒 < 𝟎,			𝜆 < W
XY

 
In this case equation (7ℎ) has two real and distinct roots and  

𝑥,(𝑡) =
𝑒B

hX
4 N

Q𝜆(4 − 𝜆𝜏4)
7(2𝑈 − 𝜆𝜏𝐷) sin _

1
2
Q𝜆(4 − 𝜆𝜏4𝑡 −` − Q𝜆(4 − 𝜆𝜏4)𝐷 cos _

1
2
Q𝜆(4 − 𝜆𝜏4)𝑡`8 + 𝐷	. 

The mathematical model will only be physically meaningful if we restrict parameter values. 

The driver may be quick thinking but the vehicle will infinitely collide. The stopping distance is 
proportional to the initial velocity of the driver. 

Let´s examine the likely value of 𝜆. It is useful here to deal with the unite meters and seconds, since 
we are talking about interactions between scale of seconds. It would seem reasonable to assume that 
a driver would try to eliminate the velocity difference in about 5 seconds, or about 1/5 of the difference 
per unite time, making 𝜆 = ,

j
	. To see how this plays out in a driving situation, suppose that two cars, 
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car n and n+1 are both moving at 100 𝑚. 𝑠B, and at 𝑡 = 0 are separated by 200	𝑚, with car n at 𝑥 = 0. 
At this moment car n+1 begins a constant deceleration, so that 𝑢)+,(𝑡) = 100 − 20𝑡, so it will come to 
a stop in five seconds. We shall neglect the reaction time of driver n, so we have  

𝑑4𝑥)(𝑡)
𝑑𝑡4 +

1
5
𝑑𝑥)(𝑡)
𝑑𝑡 =

1
5
(100 − 20𝑡). 

The solution of this inhomogeneous first-order ordinary differential equation has the form  

𝑥) = 𝐴𝑡4 + 𝐵𝑡 + 𝐶 + 𝐷𝑒B
l
m. 

From the condition 𝑥)(0) = 0 and neo(>)
nN

= 100	, we find   

𝑥) = −10𝑡4 + 200𝑡 + 500(𝑒B
l
m -1). 

Also we see by integration, using 𝑥)+, = 200, that  

𝑥)+, = −10𝑡4 + 100𝑡 + 200. 

At 𝑡 = 5𝑠 car n+1 has come to rest at   𝑥)+, = 450	𝑚 while we can show that car n is still moving and 
in fact will collide with car n+1 shortly after 5 seconds. Whether this value of 𝜆 is realistic is a matter of 
discussion. Problem it should be somewhat larger. However, this calculation illustrates one aspect of 
the model which is unrealistic, namely the assumption that there is a constant 𝜆 which describes driver 
response. Obviously, it is one thing to react calmly to speed changes, but quite another if you see a 
collision is imminent. Driver n is going to hit the brakes harder and harder into the stop. 

4 CONCLUSIONS 
An important aspect of the modelling procedure is not only to see how well the model compares to the 
real world which is being modelled, but also to be able to compare different models of the same real 
world process. In teaching mathematical modelling at an introductory level this second point tends not 
to be emphasized. The more elementary problems presented to students tend to have only a limited 
number of similar solutions, and further, it is considered more important to encourage to student to 
become actively involved in creating his or her own models. The models are quite different ways of 
looking at traffic flow, focusing on different aspects of the real world.   
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